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6. Functionsin Maple

=[6.1. Introduction

Functions play amajor role in Mathematics so it isimportant to know how to work with them in
Maple. There are two distinct ways to represent a mathematical function in Maple. We can represent
amathematical function in Maple using either an "expression” or a"Maple function”. The
distinction that M aple makes between "expressions’ and "functions' hasits roots in concepts from
both Mathematics and Computer Science. Making this distinction, and learning to understand it and
work with it, will help usto better understand how we use ideas like function, equation, and
variables in Mathematics, and it will also help introduce us to the Computer Science ideas of a"data
structure” and a " procedure”.

(>
=1 6.2. Functionsin M athematics

We quickly review here the definition of a mathematical function. A function is three things bundlied
together. It isaset of inputs (the domain), a set of outputs (the codomain), and arule for associating
one of the outputs to each of the inputs. Functions can be defined in several ways, for example by
formulas, by tables, and by graphs. Most of the time in mathematics, the sets of inputs and outputs
are sets of numbers. For most people, the "rule” part of a function's definition seems the most
important, but that is not really a good way to think about functions. To demonstrate that a

mathematical function is really more than just itsrule, let uslook at an example.
[ >

We shall define three different functions named f, g, and h. The rule for each of these functions will
be given by aformula. In fact we will use the same formulain all three cases. What will make the
three functions different will be their domains.

Thefunction f hasasits domain the set of al real numbers, its codomain isthe set of all positive
real numbers, and its rule is given by the formulaf(x) = .

The function g has asits domain the set of all positive real numbers, its codomain is the set of all
positive real numbers, and its rule s given by the formulag(x) = X%.

The function h has asits domain the set of all negative real numbers, its codomain isthe set of all
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positive real numbers, and itsrule is given by the formulah(x) = .

Exercise: Draw graphsfor each of the functionsf, g, and h.

[ >

How do we know that these three functions are different? The answer is that they have different
properties. For example, the function f is not invertible (why?). The functions g and h are both
invertible (why?) but they have different inverses. The inverse of the function g hasits rule given by

theformula(g(' 1))(x) :«/;. The inverse of the function h hasits rule given by the formula
(hD)(x) = -4/x.

Sof, g, and h al have the exact same formula (i.e., rule) but they are not the same function. The
domain (and codomain) really are important parts of the definition of a mathematical function.

Exercise: What is the domain and codomain for each of g and h(" 1?2

[ >
L[>
=16.3. Functionsin Maple

Recall that we have said that there are two ways to represent mathematical functionsin Maple, as
Maple expressions and as Maple functions. First we will ook at mathematical functions represented
as Maple expressions.

We define an expression in Maple as just about any mathematical formulathat you can write down
that does not have an equals sign or any inequalitiesin it. Here are some examples of expressions.
[ > 3*x"2 - 5*x + 17,

[> sin( (x+1)"b ) + In(y);

[ > exp(x+y)/sec(Xx);

[> n! + sum(n™2, n);

[> a*Xx + b*y + c*z;

Notice that some of these are expressionsin one variable, others are expressionsin two or more
variables. (How many variables arein the last expression?) Also notice that callsto Maple
procedures are allowed as parts of expressions.

[ >

These expressions ook alot like the definitions of mathematical functions, which iswhy they can
be used to define mathematical functionsin Maple. But expressions are not what Maple refersto as
"functions’. A Maple function is something defined using arrow notation. Here are several
examples of Maple functions.

[> X -> xX"2;

[> X -> a*x"2 + b*x + c;

Page 2



[> (X,y) -> X2 + y"2;

[>z ->sin(z) + exp(z"2);

Look at the first example. We read this as "the function that sends x to x squared” (the arrow
represents the verb "sends'). Another common way to read this arrow notation is "the function that
maps X to x squared”. On the |eft of the arrow are variables that represent the input to the function.
On the right hand side of the arrow there is an expression that represents the rule of the function.
(The arrow, by the way, is made up of aminus sign and a greater than sign. There should not be a
space between them.) Notice that Maple functions are not really mathematical functions since there
is no mention of adomain or a codomain. But Maple functions are clearly meant to define arule
showing how an output is computed from an input.

[ >

So both Maple expressions and Maple functions can be used in Maple to represent mathematical
functions. To see how Maple functions can differ from Maple expressions when used to represent
mathematical functions, consider the following three examples.

[ > a*x"2,

[ > X -> a*x"2;

[> (x,a) -> a*x"2;

In the first example the expression is defining a function of two variables since there isreally no way
in Maple to give either of the unknowns x or a any more importance than the other. But in the
second example the arrow notation clearly singles out the unknown x as the input so this defines a
function of one variable, and the unknown a isto be thought of as a constant (or a"parameter”). In
the third example the arrow notation clearly defines a function of two variables. What does the
following command define?

[ > a -> a*x"2;

Notice how these last examples demonstrate a difference between Maple and standard mathematical
notation. For example, when one writes aformula for the general quadratic, one usually writes

ax? +bx+c, and it is understood that this defines a function of one variable (the x) and the function
has three parameters (the a, b, and c). Thisis because we have a convention in mathematics to treat
some letters as variables (for example X, y, and z) and some other letters as constants or parameters
(for example a, b, and c). Maple does not have any knowledge of this convention so in an expression
Maple treats all unassigned names (i.e., all unknowns) as variables.

In al the examples of expressions and Maple functions given above, we never gave any of them a
name. But we can always use the assignment operator to give an expression or function a name, and
this makes working with expressions and functions much more convenient. So for example, hereis
an expression named f and a Maple function named g.

[>f = x"2 - 1;

[> Qg :=X ->x"2 - 1;

Notice that the last command does two distinct things. It defines a Maple function and it assigns the
function a name. When you define a Maple function using the arrow notation and give it a name at
the same time using the assignment operator, you get a Maple command that can ook quite strange
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at first, but you need to get very used to this notation.
[ >

L et us compare Mapl€'s notation with the standard mathematical notation for defining and naming a
function. The mathematical notation
g(x)=x"- 1

defines a mathematical function named g that is equivalent to the Maple function named g defined
by the Maple command

g:=Xx->x"2 - 1.
When we compare these two notations we notice a major difference right away. The Maple notation
clearly separates the defining of the function (the arrow operation) from the naming of the function
(the assignment operation) but the mathematical notation combines these two operations into one
use of the equals sign. The mathematical notation has one clear advantage over the Maple notation.
The mathematical notation is more compact. But, as we have seen in previous worksheets and will
see again later in this worksheet, the mathematical notation has the disadvantage of being somewhat
ambiguous.

We end this section with some more examples of using the arrow notation. These examples are
purposely abit confusing, to start you thinking about thisimportant notation.

Hereisafunction named f .

[>f :=x -> (1 + x"2)/x"3;

Here is another way to define the same function f .

(> f = (1 + (x ->x"2))/(x -> x"3);

Why did this define the same function as the first definition? Here is a third definition of the same
functionf .

[>f :=(1+(z ->2"2))/(y -> y"3);

How does this definition handle aninput to f ?

[ >

Hereis afunction named g.

(> g =X -> (1 + exp(x))/x"3;
Here is another way to define the same function g.
(> g := (1 + exp)/(x -> x"3);

How does this definition handle an input to g?

[ >

Hereis an expression named f .

[>f = x"2;

Here is afunction named g defined using f .
(> g :=x->2* x"3 * f;
What isg( x) equal to?
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[ >

Here are two functions, f and g, where g isdefined using f .
[>f = x -> x"2;

(>g :=2* (x ->x"3) * f;

What isg( x) equal to?

[ >

Here is another way to define g using the function f .

[(>g =X ->2* x"3* f(x);

Be sure to examine the last three definitions of g carefully. They all define the same function. How
does each of them make use of functions, expressions, and the arrow notation?

[ >

Exercise: Explain the result of the following command.
[> (x ->x + x*(-1))(W);

[ >

Maple has some built in functions that have already been assigned names. Here is an example that
uses a couple of these built in functions.

[> h = 2*sin - 9/exp;

h isafunction, not an expression. Here is another way to define the same function h.

(> h :=x ->2*sin(x) - 9/exp(x);

[ >

Exercise: Use the arrow notation to define a function that takes two numbers as input and then
squares the first number minus the second number and subtracts from that the quotient of the first
number squared with one minus the second number.

[ >

Exercise: Use the arrow notation to define a function that takes one number as input and then
returns three times the cosine of pi times the cube of the input.

[ >

L[>

=16.4. Working with expressions and M aple functions

There are many operations that you might want to perform on afunction, for example, graphit,
evauate it, differentiate or integrate it, compose it with another function, etc. How you do these
operations in Maple depends on how you choose to represent the function in Maple, as either a
Maple expression or asa Maple function. Let uslook at a number of examples.
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First, an example of graphing a mathematical function defined as an Maple expression.

[> plot( x*2, x=-5..5);

Now graph the same mathematical function defined asaMaple function.

(> plot( x->x"2, -5..5);

Notice the subtle difference in the syntax of these two commands. For example, both of the
following Maple commands are incorrect.

[> plot( x*2, -5..5);

[ > plot( x->x"2, x=-5..5);

[ >

L et us do an example where we give the functions names. Here is an expression named f and a
Maple function named g that both represent the same mathematical function.

[>f = x"2 - 3*x-10;

[> g := X -> x"2-3*x-10;

Now plot them.

(> plot( f, x=-3..6 );

(> plot( g, -3..6 );

Notice that both of the following commands are incorrect. Y ou need to be very careful to distinguish
between Maple expressions and M aple functions!

[>plot( f, -3..6);

[>plot( g, x=-3..6);

[ >

Let us see why it makes sense that Maple would have a different syntax for plotting Maple
expressions and Maple functions. Suppose we give Maple the following command.

[> plot( a*x"2, -5..5);

We have asked Maple to plot an expression with two variables but we have given Maple only one
range. Which of the variables should Maple assign the range to? We have to tell Maple which of the
variables the range is to be associated with (and the other variable has to be given avalue so that it
acts like a constant). So when we plot an expression, it makes sense to specify which variable the
range is associated with (even if there might only be one variable). Now suppose we give Maple the
following command.

[ > plot( x->a*x"2, -5..5);

The function being graphed does not have two variables. The arrow notation specifies that the
function has only one variable (and one "parameter"). Since the function only has one variable and
thereisone range given, it is clear that the range is supposed to be associated with the single
variable. The command is not ambiguous (as long as we make sure that the "parameter” a has a
value). Now consider the following command.

[ > plot3d( (x,a)->a*x"2, -5..5, -10..10 );

The arrow notation specifies that the function being graphed is a function of two variables and there
are two ranges given in the command. The ranges are associated with the variables in the order they
aregiven, sothe- 5. . 5 range is associated with the variable x and the- 10. . 10 rangeis
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associated with a. Again, there is no ambiguity about the variables, so there is no need when
plotting a function to explicitly associate the range with a variable name as when you graph an
expression.

Exer cise: How would you graph the expression a* x”* 2 as a function of two variables?
[ > pl ot 3d( );

[ >

Here are some other differences in how Maple treats an expression and a Maple function. The
following command tells us the definition of the expression f .

L[> f;

But the following command does not tell us much about the function g.
[>0;

Hereisaway to get the definition of g.

[> print(Q);

Here are two more ways to get the definition of g.

[ > eval (9);

[> op(9);

[ >

Now suppose we wanted to evaluate our mathematical function at a point, say at 1. We use different
syntax for the Maple expression and the Maple function. For the expression, we substitute 1 for x
inf.

[ > subs( x=1, f );

For the Maple function we can use traditional functional notation.

[>9(1);

Notice that the following two commands do not work.
[> f(1);

[ > subs( x=1, g );

[ >

We should mention that there is another way to evaluate an expression at a point. We can use aform
of theeval command (which is, of course, an abbreviation of eval uate). Thisform of theeval
command is new to Maple V Release 5, so it is not mentioned in many of the Maple books that are
currently available.

[>eval ( f, x=1);

Notice the difference in the syntax between eval and subs.

[ > subs( x=1, f );

Think of readingeval (f, x=1) as"eval uatef at x=1" and think of readingsubs(x=1, f) as
"substitutex=1 intof ". Asyou should expect, the following command does not work with the
Maple function g.

[ > eval ( g, x=1);

Page 7



[ >

The following command will factor the expression f .

[ > factor( f );

But the following command does not factor the Maple function g.
[> factor( g );

Here is how we can factor it.

[ > factor( g(x) );

[ >

Here are commands for finding the derivative of an expression and a Maple function.

(> diff( f, x);

[> D g9);

(Explain why the di f f command needed areferenceto x in it but the D command did not. ) Asyou
might expect by now, the following two commands do not do what we want them to do.

[>D( f);

(> diff( g, x);

Why is the following command's output like that of D( f ) ?

[>D( 9(x) );

Notice how Maple did not complain about any of these last three commands. They were not
syntactically incorrect. Asfar as Maple is concerned, we asked it to do something valid, and it did it.
What we asked it to do is not clear at this point, but what ever it was, Maple did it. But what Maple
did was not what we were expecting. There are two lessons to be learned from this. First, be careful
to keep track of when you are working with expressions and when you are working with Maple
functions. Second, you need to always look carefully at your Maple outputs. Just because Maple
computed something does not mean that it computed something that made sense or that it computed

what you wanted it to compute.
[ >

Let us do an example of combining two mathematical functions f and g by composing them to make
anew function h(x) = f(g(x). Hereishow we would compose two mathematical functions if they
are represented by expressions.

> f = x"2 + 3*x;
{ >0 :=Xx + 1

> h := subs( x=g, f );
We substituted the inner function g into the outer function f and we got the expression h that
represents the composition f(g(x)). Now here is how we would do thisif f and g are represented by
Maple functions.

>f 1= x -> x"2 + 3*X;
>g =X ->Xx + 1
> h = f@;

Here is how we can verify that the Maple function h represents the composition of f and g.
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[> h(x);

We do not need to use a separate name like h for the composition of the Maple functionsf and g.
The symbol f @ can be used as a name for the composition, but we need to put parentheses around
this name when we use it to evaluate the composition.

[> (f@) (x);

The at sign (@ is used in Maple to mean composition of two Maple functions. The at sign is used
because it is the closest character on the standard computer keyboard to the little raised circle used in
mathematics books to denote composition of functions. (If you do not remember the symbol, look up
composition in aimost any calculus book.)

Exercise: In what way are the following four expressions similar to (f @) ( x) ?
[> (f+9) (x);

[> (f-9)(x);

[> (f*g) (x);

[> (f/9)(x);

[ >

Exercise: Explain the results of the following two commands. (Try executing these two commands
with f and g as unassigned variables.)

[> ((f+g) @-f) (X);

[> ((f+g) @g-f)) (x);

[ >

Let us do an example of representing a mathematical function of two variables. Hereisan
expression in two variables.

[>f = (x"2+y"2) [ (x+x*y);

And here is the equivalent Maple function of two variables.

[> 9 1= (X,y) -> (X*2+y"2) [ (x+X*y);

Here is how we evaluate the expression and the Maple function at a point.
[ > subs( x=1,y=2, f );

[ > eval ( f, {x=1,y=2} );

[>9(1,2);

Neither of the next two commands works.

> f(1,2);

[ > subs( x=1,y=2, g );

Here is how we get the definitions of f and g.

L[> 1

[> print(Q);

Notice that Maple can simplify the expression a bit.

[>f; simplify( f );

But thesi npl i f y command does nothing to g.

[> sinplify( g );
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Here is how we can do the smplification using g.

[> simplify( g(x,y) );

Here is how we compute partial derivatives of the expression.

[(>diff( f, x);

(> simplify( %);

(> diff( f, y);

[>simplify( %);

Here is how we compute the partial derivatives of the Maple function.

[> D 1](9);

[> simplify( %x,y) );

(What did the %refer to in the last command?)

[> D 2](9);

[> simplify( %x,y) );

Notice how the notation for partial derivatives of expressions uses the name of the independent
variable but with Maple functions the partial derivative notation does not use the name of the
independent variable. The D operator uses a number to indicate the first, second, third, etc,
independent variable. Thisis an indication of the fact that, for example, the expression
3*x"2+5*y" 2 isnot the same expression as 3* u2+5* v~ 2, but the Maple function
(x,y)->3*x"2+5*y"2 isexactly the same functionas ( u, v) - >3*u”2+5*v" 2. (Consider
(s,1)->3*t"2+5*s"2. Isit the same function?) So the D operator differentiates with respect to
the position of the independent variable in the input list on the left hand side of the arrow operator,
not with respect to the name given to the independent variable. For Maple functions, it isthe
position of the independent variable in thislist that matters, not the name of the independent
variable.

Suppose we want to compose our mathematical function with the function h(z) = «/; where h will
be the outer function in the composition. Let h1 represent h as an expression and let h2 represent h
asaMaple function. Let k1 be the name of the composition as an expression and let k2 be the name
of the composition as a Maple function.

[> hl :=sqgrt(z);

[>h2 :=2z ->sqrt(z);

Here is the composition using expressions.

[ > k1 := subs( z=f, hl);

Here is the composition using Maple functions.

[ > k2 := h2@);

[ > k2(x,y);

Explain why k1 isthe samethingask2( x, y) .

[ >

Recall that in the last section we defined a function h as follows.
[> h = 2*sin - 9/exp;

h isafunction, not an expression. The next two commands show that h really isafunction, not an
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expression, since h must be plotted using the syntax for a function, not an expression.

[ > plot( h, 0..10); # The function syntax works.

[>plot( h, x =0..10 ); # The expression syntax does not work.
Here is another way to define the same function h.

(> h :=x ->2*sin(x) - 9/exp(x);

[ >

Exercise: Let f(x,y) =3 x+5yandlet h(z) =+/z+ 1. We have already seen how to compute the
composition h(f(x, y)) using either expressions or Maple functions. Explain why the composition
f(h(2)) does not make sense mathematically. Compute the compositions f(h(x),y), f(x,h(y)), and f(h(x
),h(y)). First do this exercise using expressions. Can you do these compositions using Maple
functions and the @operator?

[ >

Exercise: Let f be the following function of two variables.

[>f = (x,y) -> 3*x"2+5*y"2;

If we hold one of theinputstof fixed, then we get afunction of one variable that we will call a
"diceof f". Letf x3 bethedliceof f defined by letting y befixed at 3. Find a Maple command that
usesf todefinef x3 asaMaple function.

[ >

Note: The following Maple command represents the function we want as an expression, so it is not
the correct answer to this exercise.

[ > fx3 := f(x,3);

Let f 3y denotethedliceof f with x fixed at 3. Usef to definef 3y asaMaple function.

[ >

Explain the mathematical meaning of D( f x3) and D( f 3y) . (The following two commands do not
mean anything until you have properly defined f x3 and f 3y.)

[> D( fx3);

[> D( f3y );

Find another way to compute D( f x3) and D( f 3y) that does not use the slice functions f x3 and
fys3.

[ >

Almost anything you would like to do with an expression you can do with a Maple function, and
visaversa. Unfortunately, as we have seen above, the syntax for doing the same thing with an
expression and a Maple function can be quite different. Is one of the two methods "better" than the
other? Most people do most of their Maple work using expressions to represent mathematical
functions. Overall, expressions seem to be a bit easier to work with. But Maple functions are

indispensable at times, so you must get used to working with both concepts.
[ >

L[>
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=1 6.5. Converting Maple functions to expressions and back again

It is possible to switch from one kind of representation of a mathematical function to the other kind.
Here are afew examples. Lets us start with a mathematical function of a single variable represented
asaMaple function.
[>g :=1 ->cos(2*t)+sin(t)"2;
The next two commands give us expressionsint and x respectively from this function.
{ > g(t);
> g(x);
Notice that these commands did not change the definition of g, they just used the definition of g to
create two expressions equivalent to g.
[ > print(g); # g is unchanged.
Generating an equivalent expression from a Maple function is how we can get commands like
si npl i fy towork on Maple functions. For example, the following command does nothing to
simplify g.
[> simplify( g );
The following command shows how g can be simplified by first converting it to an expression.
[> simplify( g(t) );
Similarly, this technique is commonly used so that the expression syntax of many Maple commands
can be used with Maple functions. For example
[ > eval ( g(x), x=Pi/4);
[ > subs( x=Pi/4, g(x) );
[>diff( g(t), t );
[ > plot( g(w, w=0..2*Pi );
[ >

If we really wanted to change g from a Maple function to an expression, we would use an
assignment operator to redefine g. The following command redefines g to be an equivalent
expression (in the variabley).

[>4g = 9a(y);

Now g isan expressioniny.
> 0

[>

Now that we have g as an expression, let us see how we can change it into an expression in another
variable and how we can change it into a Maple function. If we substitute a different variable into g,
then we change the variable in the expression.

[> g; subs( y=z, g );

But this change only shows up in the output of the command, the definition of g has not yet been
changed. It is still an expression in the variabley.

[> g

To really change the definition of g we need an assignment operator.
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[> g := subs( y=t, g );

Now g isan expressionint .

[>0;

Now let us convert g back into a Maple function. We do this with a Maple command called
unappl y (I'm not really sure why it has that name).

[ > unapply( g, t );

Actually, this command did not convert g into a Maple function. It just created a Maple function
equivalent to the expression g; g itself is still unchanged.

> 0g; # g is still an expression.

If we want to make g the name of the Maple function created by unappl vy, then we also need to
use an assignment operator.

[> g :=unapply( g, t );

Now g isthe name of a Maple function.

> g;
{> print(g);
[ >

If you have an expression that contains more than one unassigned variable, then you can use
unappl y to create several different functions from the expression. Here is an expression named f
in three unassigned variables.

[>f = atu*v,

Here are severa different applications of unapply to g.

[ > unapply( f, a);

[ > unapply( f, u, v );

[ > unapply( f, u, v, a);

[ > unapply( f, a, u, v );

Notice the subtle difference between the last two examples. Of course there are till other functions
that could be defined from the expression f . (Can you determine how many functions can be derived
fromf usingunappl y?)

[ >

We have seen how to create an equivalent expression from a Maple function, and how to create an
equivalent Maple function from an expression. Remember that creating an equivalent expression out
of aMaple function is the only way to get most of Maple's symbolic manipulation commands to
work on Maple functions. Creating an equivalent Maple function from an expression is something

that is not done as often, but it is occasionally very useful.
[ >

L[>

'=16.6. Anonymous functions and expressions

We can give functions and expressions names, and this of course makesit easier to work with them.
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But we do not have to give afunction or expression a name in order to work with it. For example,
the following pl ot commands graph afunction and an expression, neither of which isgiven a
name.

(> plot( z->z"2*sin(z)-1, -2..2);

[ > plot( w2/ (1+exp(w)), w=-1..10 );

There is aname for the concept of an "unnamed function or expression”. We call a Maple function
(or expression) that has not been assigned a name an anonymous function (or an anonymous
expression). Therest of this section isanumber of examples and problems that make use of
anonymous functions and expressions.

[ >

Here we define an anonymous function and then evaluate, differentiate, and integrate it.

[> X -> X"3 + 2*X;

[> %2);

[> D( %0);

[>int( (989 (X), X );

Notice that we can no longer refer to our anonymous function. We have run out of ditto operators.

[ >

The next command defines another anonymous function.

(> 2z ->z/sqrt(1l-2z);

Now let us give the function a name, so that it is no longer anonymous.

[(>f =%

Notice that these last two commands show once again that defining a function and naming a

function are two very distinct steps.
[ >

The next example defines a named function g using a (very simple) anonymous function x - > x
and the built in function si n.

(> g :=(x ->X) * sin;

Here is another way to define the same function, this time using the anonymous expression
x*sin(x).

[> g :=X ->X * sin(x);

[ >

Exercise: Hereis alittle puzzle. Consider the following command.

(> Qg =X ->X * sin;
Does this command make sense?
[ >

Here is avery awkward command that defines afunction f of two variables as the sum of two
anonymous functions.
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[>f = ((x,y) ->x"2) + ((x,y) ->y"3);

[> f(u,v);

The following command is of course a much better way to definef .

(> f = (x,y) -> x"2 + y"3;

Now comparef with the next example, g, which uses two anonymous functions and defines a
function of one variable (not two).

[> 9 :=(x ->x"2) + (y ->y"3);

[> g(u);

What would be a more straight forward way to define g?

[ >

Exercise: Isthe following function k ,defined using two anonymous functions, a function of one,
two or three variables?

[>k =(z ->2"2) + ((x,y) -> sin(x*y));

[ >

The next command defines an anonymous function and evaluates it right away.
(> (z -> z"2*tan(z)) (Pi/4);

Why should the next command be considered an anonymous expression?

[> (z -> z"2*tan(z))(wW);

[ >

Exer cise: Explain what the following command is doing.
[ > (D(z->3*z"2-2*x+2)) (3);
Trangdlate the above command into a single, equivalent Maple command that uses an anonymous

expression instead of an anonymous function.
[ >

Hereis an expression named f .
[>f = x"2*sin(1l/x);;
Why should the following be considered an anonymous function?

[ > unapply( f, x );
[ >

Exercise: Why should the following be considered an anonymous function?
[ > exp*sin;

Define thisfunction in at least two other ways.

[ >

Exercise: Isthe following an anonymous function?

[ > X -> sin(x);

[ >
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Exercise: The next command uses an anonymous expression to create a sequence.
[ > seq( 3*n-2, n=1..10 );
Can you rewrite this command to somehow make use of an anonymous function?

[ >

Exercise: Explain in detail what the following two commands do and how they do it. How does
each command make use of anonymous functions and/or expressions?

(> plot( ((x,y)->x"3-y*3)(w,-1), w=-1..1);

[> plot( w>(((x,y)->x"3-y*3)(w,-1)), -1..1);

[ >

Exercise: Explain what iswrong with the following pl ot command and then fix it by changing
only one character in the command. (There are two ways to solve this problem.)

(> plot( (z->z"2+1)(y), z=-3..3);

[ >

Anonymous functions are very common in mathematics. For example, the following two formulas
make use of them.

1(Sin(xy) + In(x3 - 1))
ix

§16x5- 20 X% + 5 x dx

M athematics textbooks are filled with formulas like these. We usually do not think of such formulas
as using "anonymous functions"; the concept of an anonymous function is not all that useful in most
mathematics books. But as we will see, in Maple, and in computer programming in general, the
concept of an anonymous function is very useful.

[ >
L L>

I=16.7. Vector valued functions

The most basic functions that we study in mathematics are the real valued functions of one real
variable. These functions have as their input one number and as their output another number. These
are the functions that occupy us during most of first and second semester calculus. Thisisalso the
kind of function that we have been using for most of our examples so far in these worksheets. In
these worksheets we have sometimes used examples of real valued multivariate functions. These are
functions of several real variables, or to put it another way, functions whose input is two or more
numbers and whose output is a single number. These are the functions that are studied mostly in
third semester calculus where one learns about partial derivatives and double and triple integrals.
Real valued multivariate functions are sometimes referred to as scalar functions (or scalar fields).
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In this section we want to look at how Maple can represent the vector valued functions. These are
functions that have two or more numbers as their output. We will look at both vector valued
functions of asinglereal variable (also called parametric curves) and multivariate vector valued
functions. Parametric curves (i.e., vector valued functions of asingle real variable) are, astheir name
implies, used to model curvesin the plane and in space. These kinds of functions are usually first
introduced in first or second semester calculus and they play abig role in vector calculus. The class
of multivariate vector valued functions is huge and has many applications. Some examples of
multivariate vector valued functions that you may have already studied are parametric surfacesin
space, vector fieldsin the plane and in space, and linear matrix transformationsin linear algebra.

Before showing how to represent vector valued functionsin Maple, let us quickly review how Maple
represents the other kinds of functions. The real valued functions of areal variable are represented as
either Maple functions of one variable or as expressions in one variable.

[>f = x -> x"2;
or
[>f = x"2;

Notice that Maple functions, since they identify the independent variable, have the advantage of
allowing for unambiguous parameters in the definition of the function. So for example

[>f = X -> y*x"2;

is unambiguously a function of one variable. But the expression

[>f = y*x"2,

can be very ambiguous about what it represents.

[ >

Multivariate functions are represented in Maple as Maple functions of several variables or as
expressionsin severa variables.

[> g 1= (X,y) -> y*xX"2

or

[ > 9 1= y*x"2;

Notice how the Maple function g is completely distinguished from the last version of the Maple
function f . But the expression g cannot really be distinguished from the last definition of the
expression f .

[ >

Multivariate functions of more than two variables are also easy to represent.
[>h = (Xx,y,2,t) -> xX"2+y"2+z"2-t"2;

or

[> h = X"N2+y"2+z"2-t " 2;

[ >

Now we can look at an example of avector valued function. First we will represent a 2-dimensional
vector valued function of asinglereal variable, and we will represent it using expressions. For any
given number as an input, our function needs to compute two numbers as the output. Each output
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number needs an expression to express the rule for computing it. We call these expressions the
component functions of the vector valued function. The vector valued function is defined by
putting the component functionsin alist inside square brackets.
(> f = [t"3-2*t, t72-t];
If we want to, we can define the component functions first, and then define the vector valued
function in terms of the two component functions. Notice that each component function is areal
valued function of asingle variable.

> f1l = t"3-2*%t;

>f2 = t"2-t;

>f :=[f1, f2];
Using standard mathematical notation, this vector valued function can be expressed in a variety of
ways. For example

f(t)=(t3- 2t,t*- t)
or
f(t) = (f(1), f,(t)) where f(t) =t>- 2t and f,(t)=t*- t
or even
x=t>- 2t and y=t>-t.

Now that we have arepresentation of a vector valued function, let us see how we can work with it.
We can evaluate our function using the subs command.

[ > subs( t=2, f );

We can differentiate our function using the di f f command.

(> diff( f, t );

Notice that the derivative is computed componentwise and the derivative of this vector valued
function is another vector valued function.

[ >

Let us try to compose this vector valued function with some other function. If we want a
composition of the form h(f(x)) then we need a multivariate function h that takes two input
numbers (why?). We will use the following definition for our h.

[> h = x+y;

Now we can compute the composition.

[ > subs( x=f1,y=f2, h);

Notice two things. We needed to refer to the component functionsf 1 and f 2 to do the composition,
we could not refer to the function f by its name. And the function h(f(x)) isareal valued function
of asingle variable.

[ >

Let ustry to graph our vector valued function.

[>plot( f, t=-3/2..2);

Wait, that is not correct! The last command did not draw the graph of our vector valued function f .
Instead, the pl ot command ssimply interpreted f asalist of two real valued functions of areal
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variable, and so it drew two graphs, one for each component function. How do we get the p! ot
command to interpret f as one (vector valued) function? The answer to thisis messy. Oneway isto
use the component functionsf 1 and f 2 in the following syntax of the pl ot command. Notice that
the range for the independent variable needs to be inside the brackets with the component functions.
(> plot( [f1l, f2, t=-3/2..2] );

Thisisthe graph of our function f , it isacurve in the plane (remember, vector valued functions of a
single variable are also called "parametric curves').

[ >

The other way to get the pl ot command to graph the functionf isto definef using adlightly
different syntax. Instead of putting the component functionsin alist inside of brackets, put the
component functionsin alist inside of parentheses.

[>f := (f1, f2);

Now put f inthe pl ot command using the following syntax.

(> plot( [f, t=-3/2..2] );

At least we were ableto graph f by referring to it by name rather than having to refer to the names
of the component functions. But now we have another problem!

[(>diff( f, x);

Now thedi f f command does not work. We need to put brackets around f inthedi f f command.
(> diff( [f], t );

And evaluating the function needs to be changed al so.

[ > subs( t=2, f );

[ > subs( t=2, [f] );

Aswe will see severa timesin this section, Maple unfortunately does not have a consistent syntax
for defining and using vector valued functions. Of the two syntaxes given just above, thefirst oneis
preferable since it works better with the di f f and subs commands.

[ >

Now we shall turn to representing our vector valued function using Maple functions. There are two
reasonable ways to do this and they have to do with dlightly different ways of thinking about the
vector valued function. One way thinks of the vector valued function as a function that takesin one
number and outputs two numbers. The second way thinks of the vector valued function as being
made up of two real valued component functions. These two ways of thinking lead to the following
two representations that we will call g1 and g2.
> gl :=t->(t"3-2*t, t"2-1);
{> g2 [t->t"3-2*t, t->t"2-1];
Notice the subtle differences in these two definitions. The first representation is somewhat
analogous to the mathematical notation
f(t) = (- 2t,t*- 1).
The second representation is more anal ogous to the mathematical notation.
f(t) = (f,(t), f,(t)) where f,(t)=t>- 2t and f(t)=t*- t.
Aswe will now show, each of these Maple representations has advantages and disadvantages. Let us
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see how we can work with them.

[ >

With either representation, we can use functional notation to evaluate the function.
> g1(2);

{>gﬂa;

[ >

We should be able to use the D operator to differentiate the function.
{>M gl );

>D( 92 );
The D operator only worked on the second representation, g2.

[ >

Let ustry composition. Here is a function we can compose with.
[>h = (x,y) -> x+y;
We should be able to use the @operator to do the composition with h.
{>(h@ﬂ(ﬂ;
> (h@2)(z);
The @operator only worked on the first representation, g1 (and the D operator only worked on g2!).
[ >

There is a second way to do the composition. We should be able to compose h with the vector
valued function using functional notation.
{>hwﬂﬂ%
> h(92(z));
Again, thisonly worked with the first representation.
[ >

What about graphing the vector valued function? To make along story short, neither representation
will work with the pl ot command because it needs the component functions and the range all
together inside a pair of brackets.

[>plot( [t->t"3-2*t, t->t"2-t, -3/2..2] );

[ >

Maple's documentation is very unclear about how vector valued functions should be represented
using the arrow notation. The following help page implies that the way we defined g1 isthe "correct
syntax” for vector valued functions, but we saw that g1 did not work with the D operator nor with
the pl ot command.

[ > ?operators, functi onal

On the other hand, the way we defined g2 worked with the D operator and, as we will seein the next
example, the way we defined g2 does work with the pl ot 3d command (but the way we defined g1
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does not). But g2 does not work with composition. And to make things even more confusing, if we
useunappl y to convert the expression version of the function f into a Maple function, then we get
neither g1 nor g2.

[ > unapply( f, t );

So it seems that there really is no preferred way in Maple to define vector valued functions using the
arrow notation. From a mathematical point of view, the two ways of thinking about vector valued
functions that lead to the two ways of using the arrow notation are both valid, and so both uses of
the arrow notation are reasonable. In any given situation we need to pick the representation that
works best.

[ >

Exercise: There are two other ways to represent our vector valued function using Maple functions.
> g3 (= t->[t"3-2*t, t"r2-t];

L g4 1= (t->t"3-2%t, t->tr2-1);

In each representation we have switched parentheses and brackets. Play around with these two

representations and see how they work with respect to evaluation, differentiation, composition, and

graphing. (For example, g4 works reasonably well with the pl ot command.) Notice that g3 was

the result of the unappl y command just above.

[ >

Now that we have looked at the basics of representing vector valued functions, let uslook at a more
complex example. Here is an example of a multivariate vector valued function. First we represent it
using expressions.
(> f :=[2*cos(u)*sin(v), 2*sin(u)*sin(v), 2*cos(Vv)];
Now represent it using Maple's arrow notation (two ways).

> 91l := (u,v)->(2*cos(u)*sin(v), 2*sin(u)*sin(v), 2*cos(Vv));

> g2 :=[(u,v)->2*cos(u)*sin(v), (u,v)->2*sin(u)*sin(v),

(u,v)->2*cos(v)];

[ >

Using standard mathematical notation, this multivariate vector valued function can be expressed in a
variety of ways. For example
f(u,v) =(2cos(u) sin(v), 2sin(u) sin(v), 2 cos(v))
which is analogous to the first way we used the arrow notation. Or
(U, v) = (fy(U, V), (U, V), fo(u, v))
where
f,(u, v) =2cos(u) sin(v) f(u, v) =2sin(u) sin(v) fa(u, v) =2 cos(v)

which is more analogous to the second way we used the arrow notation. A third way might be

x=2cos(u) sin(v) y=2sin(u)sin(v) z=2cos(V).
which is somewhat analogous to the expression way of representing the function.
[ >
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Out of curiosity, let us see what the unappl y command will do with the expression representation
f.

[ > unapply( f, u, v );

Notice that the result is neither g1 nor g2.

[ >

L et us see how we work with our three different representations. Here is how we evaluate our
function.
> subs( u=Pi,v=Pi/4, f );
{> gl(Pi, Pi/4);
> g2(Pi, Pi/4);
Notice that the subs command did not do any simplification after it made the substitution.

[ >

Here is how we differentiate our function. Since the function is multivariate, we compute partial
derivatives.
>diff( f, u), diff( f, v );
{> Di1]1( 91 ), D2]( g1);
>D01]1( 92), D2]( 92);
Notice that the D operator did not work on g1.
[ >

This multivariate vector valued function can be interpreted as a parametric surface. Here is how we
graph it using the pl ot 3d command and the expression representation.

(> plot3d( f, u=0..2*Pi, v=0..Pi );

Notice that, surprisingly, the pl ot 3d command did not interpret f asalist of three separate real
valued functions of two variables and draw three simultaneous graphs. (Recall how the pl ot
command interpreted asimilar f earlier in this section.) This brings up the question of how does one

graph alist of three separate real valued functions of two variables?
[ >

The arrow notation used in defining g2 does work with the pl ot 3d command.

[ > plot3d( g2, 0..2*Pi, 0..Pi );

But the arrow notation used in defining g1 does not work with the pl ot 3d command.
[ > plot3d( g1, O0..2*Pi, O..P );

[ >

Exercise: Define functionsf, g, and h by
f(t)=(3- 2t,t*- t)
g(u, v) =(2cos(u) sin(v), 2sin(u) sin(v), 2 cos(Vv))
and
h(x,y,z) =xyz
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Represent these functionsin Maple as functionsf , g, and h using the arrow notation. (Notice that f
and g are the examples that we used above.) Use the @operator to compute expressions for the
compositionsg@ , h@y, and h@ @ . Draw agraph for g@ using the pl ot s[ spacecur ve]
command. What kind of graph do you expect to get? Also draw graphs for the functions h @y and
h@@ .

[ >

L[>

=] 6.8. Piecewise defined functions

Now we will see how to define " piecewise-defined” functionsin Maple. Piecewise-defined functions
are functions that are defined by different formulas at different parts of the function's domain. In
other words, the definition of a piecewise defined function comes in several pieces. Probably the
most common piecewise defined function is the absolute value function.

M=) 33

X O0£x

Thistellsusthat if x is anegative number, then we negate it (to get a positive number) and if xis
positive, then we just leave it alone.

Consider the following piecewise defined function.

} (x+1)? x<-1
g(X)=£4/1-x2 ~1£xand x<1
I x-1 1£x

We can represent this function in Maple using a combination of the arrow operator and the
pi ecewi se command.

> Qg .= X -> piecew se(x<-1, (x+1)72, x<1, sqgrt(1-x"2), x>=1,
{ X-1);
Notice a few things about the syntax of the pi ecewi se command. First, conditions come before
their associated expressions. Second, the conditionsin the pi ecewi se command are cumulative.
Notice how in the mathematical notation for this function, for the middle condition we wrote
-1£xand x<1hbutinthepi ecewi se command for the middle condition we wrote just x<1.
Thisis because, in the piecewise command the x<1 comes after the condition x<- 1, and we only
would "get to" the condition x<1 if x<- 1 isfalse, sowe only "get to" x<1 if it isaready true that
- 1<=x. The mathematical notation that you see in most math books for piecewise defined functions
rarely uses cumulative conditions like the piecewise command does, so this may take some getting
used to. This cumulative way of expressing the conditions, and also the placing of the conditions
before the expressions, comes from the way that computer programming languages write
"conditional statements’. We will say alot more about this in the worksheets about Maple
programming.

[ >
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If wecall thepi ecew se function by itself, we get a " piecewise expression”, and the expression is
nicely typeset. Notice that thislooks just like the mathematical notation for the function, except for
the cumulative use of the conditions.
[ > piecew se(x<-1, (x+1)"2, x<1, sqgrt(1l-x"2), x>=1, x-1);
If we convert g into an expression by evaluating g at an unassigned variable, we get the same
"piecewise expression”.
{> a:="a':
> g(a);
If we evaluate the name g, we do not get much information.
L[> 0
Here is how we get the full definition of g.
[ > eval (9);
If we evaluate g at a number, then we get the value of the function.

[>9(4); 9(-3); 9(0);
[ >

We can graph g like any other Maple function.

(> plot( g, -2..2, scaling=constrained );
(Try graphing g without the option scal i ng=const r ai ned.)
[ >

Let us add another condition to the domain of g.
> Qg2 := X -> piecew se(x<-1, (x+1)"2, x<l1, sqrt(1-x"2), x<3, x-1,
{> x>=3, 3*(x-3)+2);
[ > 92(x);
[ > plot( g2, -2..4);
[ >

Piecewise expressions can be used in aimost exactly the same way as we would use other
expressions. Here is a simple example.

[ > h := piecew se(x<l, x*(1-x), x>=1, (1-x)*(2-x));

We can ask Mapleto differentiate this expression.

[ > diff(h, x);

We can use this expression in other expressions.

[ > exp(x*h)*h;

We can even ask Maple to simplify this last result.

(> simplify( %);

We can evaluate the expression at a point, but here we need to be careful. The subs command will
give strange results.

[ > subs( x=1/2, h);

That is not what we wanted (can you see what happened?). In alater worksheet we will be ableto
explain why the subs command produced this result. For evaluating a piecewise expression at a
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point, the eval command should be used instead of subs.
[>eval ( h, x=1/2);
[ >

Exer cise: Define the following two functions (as expressions).

[>f = piecew se(x<l, 4*x*(1-x), x>=1, 4*(1-x)*(2-x));

[> g := sin(Pi*x);

In the following graph, identify which graph is from which function.

(> plot( [f,g], x=0..2);

These two graphs demonstrate how strikingly similar a sine curve and a parabola can be. Try
"zooming in" on the domain from zero to one. It is also interesting to graph the derivatives of these
two functions.

[>df :=diff(f, x);

[>dg :=diff(g, X);

(> plot( [df,dg], x=0..2);

Notice that the derivatives are not at all hard to distinguish.

[ >

There can be unexpected problems with piecewise defined functionsin Maple. Consider this next
example. The following function f iswell defined for all values of x. But we will see that Maple
has aproblem when it triesto evaluate f at zero.

[ > f:= x-> piecew se(x<=0, x"2, x>0, 1/x);

[> f(x);

We can graph f without any problem. Here is what the graph looks like.

[>plot( f, -3..3, y=0..9 );

Thevaueof f at zeroisclearly defined to be zero. But watch what happens when we try to evaluate
f(0).

[> f(0);

The reason Maple returns an error has to do with Maple's evaluation rules. Maple evaluates all the
parts of the definition of f before it decides which value it should return. So Maple evaluates both
thex”"2 partandthe 1/ x part of f no matter what the value of x is. So even when x is zero,
Mapleinsists on evaluating 1/ x, even though it should not. Hence, Maple returns an error when the
value of x is0, though it should return O.

This example shows the importance of understanding Maple's "evaluation rules’, the rules that

govern how Maple evaluates expressions. Thisis something that we will study in another worksheet.
[ >

L[>

=1 6.9. Equationsvs. functions

Earlier in this worksheet we mentioned that mathematical formulas like the following one can be
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somewhat ambiguous.
g(x)=x*- 1
On the one hand it can be interpreted as the definition and naming of afunction g(x). On the other
hand, it can be interpreted as an equation. To see how this ambiguity might arise, suppose that we
follow this formulawith the next formula. (We did an example similar to thisin a previous
worksheet.)
g(x)=3x- x+5
How should we interpret this second formula? Isit aredefinition of the function g(x), or isit ashort
hand formulafor the following equation?
- 1=3x- x+5
Thereisredly no way to tell from the second formulaitself which interpretation is correct. The
cause of this ambiguity isthat in standard mathematical notation, the equals sign has two distinct
uses, as either part of an assignment statement or as part of an equation. If the second formula above
is meant to be aredefinition of the function g(x), then the equals sign in that formulais acting as
part of an assignment statement. If on the other hand the second formulais meant to be a short hand
for the third formula, then the equals sign in the second formulais acting as part of an equation. Let
us tranglate these formulas into Maple and see what the two interpretations lead to. We will trandate
the first mathematical formula as the definition of afunction g represented as a Maple function.
[> g =X ->x"2 - 1;
Notice that since this was a definition, we used the assignment operator, colon equals (: =). Now
suppose that the second mathematical formulais to be interpreted as a short hand for the third
formula. In this case the second formulais an equation, so it will be trandated into a Maple equation
using an equals sign (=).
[> g(x) = 3*x"2 - x + 5;
We see right away that Maple interpreted this equation as a short hand for the third mathematical
formula above. Notice that the last Maple command did not change the definition of g.
[> 9(x);
Now suppose that the second mathematical formulaisto be interpreted as a redefinition of the
function g(x). In this case we will trandate the second mathematical formulainto a Maple statement
that redefines g by using the assignment operator.

[> Qg :=X ->3*xX"2 - x + 5
Now g has a hew definition.
[> 9(x);

Notice that in Maple, the two possible interpretations of the second mathematical formulatransate
into two distinctly different commands, one using an equals sign and the other using a colon equals.
Maple makes a clear distinction between an equation and an assignment but, unfortunately, standard

mathematical notation does not.
[ >

War ning: Interpreting the second mathematical formula as a redefinition of g(x) might lead one to
use the following Maple command.
[> g(x) := 3*x"2 - x + b5;
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Unfortunately, this (reasonable looking) command does not redefine the function g(x). Just what it
doesisabit confusing. Here is an example that shows that it does not redefine the function g(x). Let
us try redefining g(x) again.

[> 9(x) 1= x"2 -1;

Now evaluate the function g at a point.

[>9(2);

That is not what we might have expected. Let us check the formulafor g.

[> 9(x);

That looks correct. Let us try something different. Let us check the formulafor g in adifferent way.
[> 9(t);

Exactly what is going on hereisabit hard to explain. We will return to this odd situation in another
worksheet. For now, remember not to usethe g( x) notation on the left hand of an assignment
operator when you define a Maple function, even though the mathematical notation does use g(x) on

the left hand side of the equals sign when defining a function.
[ >

Here is an example that shows that the distinction between an equation and an assignment can be
quite subtle. Consider the following formula.
y=x'- 12x- 5

Isthis afunction definition or an equation (or both)? If it is a function definition, then we should
take y to be the name of the function and we can represent the function in Maple as either an
expression named y, like this
[>y = x"2-12*Xx-5;
or we can represent the function as a Maple function named y, like this
[> Yy =X -> x"2-12*Xx-5;
But if the mathematical formulais meant to be an equation, then we should enter it into Maple like
this

>y ="'y x 1="x",;
{ >y = xN2-12*x-5;
Now here is where the subtlety occurs. If we consider y = x*- 12x- 5tobean equation, and if we
graph all the ordered pairs (X, y) that solve this equation, then the graph of this solution set will
satisfy the vertical line test in the plane, and so the graph of this equation will define afunction. In
this sense we can say that the equation defines a function and, of coursg, it is the same function that
we defined when we interpreted the formula as an assignment. Here isaway to seethis. The
I mplicitpl ot command can be used to graph an equation, that is, it plots all the pointsin the (
X, Y)-plane that solve an equation. Letsususei npl i ci t pl ot to graph our mathematical formula
interpreted as an equation.
[ > plots[inplicitplot]( y=x"2-12*x-5, x=-10..20, y=-45..220 );
Now let us plot the our mathematical formulainterpreted as a Maple function (in this case, an
anonymous function).
[ > plot( x->x"2-12*x-5, -10..20 );
We see that the graph of the equation is the same as the graph of the function. So for either
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interpretation of the mathematical formula, as either an equation or as a definition of a function, we
arrive at the same conclusion, the formula defines a function.

Thisis one reason why standard mathematical notation is kind of vague about distinguishing
between functions and equations; many equations naturally define functions, and in these casesit is
"convenient” to be vague about the distinction. But in Maple we must always be clear about this
distinction; in Maple equations are equations and functions are functions. (In particular, notice that
we needed distinctly different commands for graphing the equation and the function.)

[ >
L[>
'=16.10. Equation vs. assignment: Another example

Here is another example of how the two possible interpretations of an equals sign in standard
mathematical notation can lead to some confusion. This example is made up of two problems that
can be found in almost any cal culus book.

Problem A: In this problem, FarmerAlpha wants to make a rectangular lettuce patch of A square
feet (he does not know yet what the value of A will be). What are the dimensions for FarmerAlpha's
lettuce patch that will minimize the amount of rabbit-proof fencing that he needs? To help him solve
this problem, FarmerAlpha lets the variables x and y denote the dimensions of his lettuce patch and
then he writes down the following two formulas

P=2x+2y

A=xy
where the first formula represents the perimeter of the lettuce patch and the second formula
representsits area. FarmerAlpha decides that if he can solve these two formulas then he can solve
his problem.

Problem B: In this problem, FarmerBeta wants to make a rectangul ar lettuce patch using P feet of
rabbit-proof fencing (he does not know yet what the value of P will be). What are the dimensions for
FarmerBeta's | ettuce patch that will maximize its area? To help him solve this problem, FarmerBeta
lets the variables x and y denote the dimensions of his lettuce patch and then he writes down the
following two formulas

P=2x+2y

A=xy
where the first formula represents the perimeter of the lettuce patch and the second formula
represents its area. FarmerBeta decides that if he can solve these two formulas then he can solve his
problem.

Notice that FarmerAlpha and FarmerBeta are trying to solve different problems but they came up
with exactly the same two formulas. How can the exact same formulas describe two different
problems? Shouldn't we be able to distinguish the problems by looking at their mathematical
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representations as formulas? The answer has to do with the interpretations of the equals signsin
these formulas. To see this et us suppose that FarmerAlpha and FarmerBeta decide to use Maple to
solve their problems. Here is how they would trandlate their problemsinto Maple.

FarmerAlphalooks carefully at histwo formulas and realizes that hisfirst formula defines the

obj ective function that he wishes to minimize and it is a function of the variables x and y. He
decides to represent this mathematical function as a Maple expression and give it the name P.

[ > P 1= 2*x+2*y;

FarmerAlphalooks at his second formula and realizes that it is a constraint equation, an equation
that the variables x and y must satisfy. So FarmerAlpha trandates this formulainto aMaple
equation, where he will give the constant A avalue later on.

[> A= X"y,

[ >

Now it is FarmerBeta's turn to use Maple. Let us clear al the variables for him, so that he can start
with aclean date.
[ > restart;

FarmerBeta looks carefully at his two formulas and realizes that hisfirst formulais a constraint
equation, an equation that the variables x and y must satisfy. So FarmerBeta translates this formula
into a Maple equation, where he will give the constant P a value later on.

[ > P = 2*x+2*y;

FarmerBeta looks at his second formula and realizes that it defines the objective function that he
wishes to maximize and it is a function of the variables x and y. He decides to represent this
mathematical function as a Maple expression and give it the name A.

[> A= XYy,

[ >

Now we see that, when trandlated into Maple, we can distinguish the two problems by looking at
their Maple representations. The standard mathematical notation did not make a distinction between
an assignment and an equation and that is why the two problems |ooked the same when represented
mathematically. When you read a mathematics book you need to always be aware that an equals sign
can be interpreted (at least) two ways and you always need to look carefully at the context that
formulas are written in to decide which interpretation to give an equals sign.

[ >

L et us see how FarmerBeta would use Maple to finish solving his problem. First he needsto solve
for one of the variablesin the constraint equation. He decidesto solvefor y.

[ > solve( P=2*x+2*y, y );

Now he needs to take that solution and substituteit in for y in the objective function A.

[ > subs( y=% A);

This last expression needsto be differentiated, the derivative set to zero, and the resulting equation
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solved for x.

[ > solve( diff(% x)=0, {x} );

And now he has the value for the variable x in terms of the constant P. To get the valuefor y he
takes the value for x and substitutes it into the constraint equation and then solvesfor y.

[ > solve( subs(% P=2*x+2*y), {y} );

The answer, of course, isthat a square lettuce patch maximizes the areafor a given amount of

rabbit-proof fencing.
[ >

Exercise: Use Maple to solve FamerAlpha's problem.

[ >

Exercise: Use Maple to solve FarmerBeta's problem again, but this time represent the objective
function as a Maple function instead of as an expression.

[ >
L[>

=16.11. Expressionsvs. functions: A few more examples

These examples are meant to show that there are still alot of subtle things to learn about variables
and functions and how Maple handles them. Do not expect to fully understand these examples now.
Y ou should return to these examples after you have gone through the worksheet on Maple's
evaluation rules and the worksheet on proceduresin Maple.

[ >
=l Example 1

Here is a subtle example of a difference between an expression and a function. First we define a
couple of expressions. Thefirst isan expression in x and the second is an expressioniny.
> fl = x"2 + 1,
{> f2 :=yn2 + 1,
Now we add these two expressions and get an expression in the two variablesx and y .
[>f3 :=11 + 2
Now let us define a couple of Maple functions equivalent to the above expressions. Each of the
next two functionsis afunction of one variable.
> gl = x -> x"2+1,
{> g2 1=y -> y"2+1;
Now add these two Maple functions; what do we get?
[>9g3 := 91 + g2; # What kind of function is g3?
Is g3 afunction of two variableslikef 3 isan expression in two variables? Or isit afunction
of one variable? The following command shows the formulafor g 3.
[ > 93(x);
Soinfact, g3 isnot afunction of two variableslikef 3 isan expression in two unknowns; g3 is
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afunction of one variable. This shows that Maple functions and Maple expressions handle
unassigned variablesin different ways. Let uslook at g3 again. Here is another way to see the
formulafor g3.

[ > 93(y);

If wetry to treat g3 as afunction of two variables, g3 just ignores the second variable.

[> g93(w, z);

Why isit that thesumof f 1 and f 2 hastwo variablesin it but the sum of g1 and g2 does not?
[ >

L[>
ﬂ Example 2

We have looked at one way that a Maple expression can be converted into a Maple function. It
turns out that there are two ways to do this but they are not equivalent. Here is an example.
First, make sure x isunassigned and give a, b, and c values.

[> x:="x": a:=1: b:=2: c:=3:

Hereis an expression.

[ > a*x"2+b*x+c;

Here is one way to convert this expression into a Maple function.

(> f := unapply( a*x"2+b*x+c, Xx );
Here is another way; just use the expression on the right hand side of the arrow operator.
[> 0 1= X -> a*x"2+b*x+c;

Noticethat f does not have the constants a, b, and ¢ in its definition, but g does! The
unappl y command evaluates all variable names, but the "arrow operator” does not. Here are
some consequences of this. Let ustry evaluating both functions.
[>f(x); 9(x);
Now they both have the valuesfor a, b, and ¢ inthem. Let ustry to differentiate each of these
functions.
{ > D(f);

> (9);
Notice that the derivative of g has the unevaluated constantsin it, but the derivative of f hasthe
constants eval uated.

[ >

Let us try changing one of the "constants'. Change the value of c.
[ > c:=15;
Now evauate the functions again.
{ > f(x);
> g(x);
Notice that the definition of f did not change, but the definition of g did, when we changed c.
[ >
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L

[ >

ﬂ Example 3

First, let us give the variable x avalue.

| > x 1= b5;

Now try to plot the expression x” 2.

[ > plot( x*2, x=-10..10 );

Maple returned an error (why?). Now try to plot the function x- >x”" 2.,

[ > plot( x->x"2, -10..10 );

There is no problem with this, even though the variable x still has avalue.

L[> X

This shows once again that there are subtle differences in the way that Maple treats variables
used in expressions and variables used in functions.

[ >
[ >

ﬂ Example4

Letf bethe name for an expression.

[>f .= x"2;

Now usef to redefinef .
[ > f = x*f;
[>f;

Let ustry to do something similar with functions. Let g be the name for afunction equivalent to
f.
[> g =X -> X2
Now use g to redefine g.
[> 9 1= (X->X)*0;
[> 9(x);
Let ustry adightly different way.
{ >0 :="9";
> Qg =X -> xX"2;
Now use g to redefine g.
[> 9 =X ->Xx*g(X);
[ > g(Xx);
There was no problem when we used f to redefine f , but we cannot use g to redefine g. This
shows that there are subtle differences in the way that Maple treats the names of expressions and
the names of functions.

[ >
[ >

Example 5
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Here is an anonymous expression.

[ > 3-x"2;

Now let us give it aname.

[>f = %

Now graph the expression by referring to its name.

[>plot( f, x=-3..3);

[ >

Now let us try to do something similar with a Maple function. Here is the anonymous
expression again.

[ > 3-x"2;

Use the anonymous expression to define a Maple function.

(>g:=x->%

But now the following graph is empty.

[>plot( g, -3..3);

[ >

In this sequence of commands we used the last result variable, % twice. But the last result
variable in the definition of f has a different meaning from the last result variable in the
definition of g, which iswhy the definition of g does not work the way we might (reasonably)
expect it to. Once again this shows that we need to understand the details of exactly how Maple
interprets different kinds of variablesin different kinds of situations.

[ >

L[>

=16.12. Functionsthat return a function (optional)

Note: If you happen to be using Maple V Release 4, or any earlier version of Maple, then please read
the note at the end of this section.

It is possible to do some unusual things with the definitions of Maple functions. For example, we
can define functions whose return value is another function. Hereis a simple example.

[>f =a->(y->ay);

The Maple function f takesin anumber and returns a function that multiplies its input by the
number.

[> f(3);

Sof (3) isafunction that multipliesitsinput by 3. Hereis how we apply f ( 3) to theinput 4.
[> f(3)(4);

Hereisanother call tof .

[> f(-5);

Hereisacall to the function returned by f .

[> f(-5)(2);

In some sense you can think of f asafunction of two variables.

[> f(x)(y);
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But this can be mideading. Consider the next two function calls.
[> f(x);

[> f(y);

[ >

Exercise: Consider the output of f (y) .

[> f(y);

Now explain why the following function call does not return 9.
[> f(y)(3);

[ >

Hereis an example of how we might use the idea of a function that returns afunction. Start with a
function of two variables.

[>f = (x,y) -> 3*x"2+5*y"2;

Now we shall define "dlicing” functionsfor f . If we hold oneinput to f fixed, then we get a new
function of asingle variable that is sometimes called a"dlice” (or a"section”) of f . If we just plug a
constant into f for say y, then we get back an expressionin x.

(> f(x,3);

We can turn that into a Maple function like this.

[> fx3 :=x -> f(x,3);

Now f x3 isthedliceof f withy fixed at 3.

[ > fx3(x);

We can use a function that returns a function to automate these steps for generating slicing
functions.

(> slice_f_wth y fixed :=c¢c -> ( x->f(x,c) );

Theinputtoslice f with_ y fixed isthenumber wewant the dice function at and the
output is the slice function.

[> fx3:=slice f with y fixed(3);

[ > fx3(x);

[ >

Now do the same for dlicesin the other direction.
[>slice f with x fixed :=c¢ -> ( y->f(c,y) );
[> f3y:=slice f with x fixed(3);

[ > f3y(y);

[ >

One nice feature of our dicing functionsisthat they still work if we redefinef . We do not need to
redefine the slicing functions.

[>f :=(u,v) -> sin(5*u-v);
[> fu3 :=slice f with_ y fixed(3);
[> fu3(u);
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Did you notice something a bit funny about the redefinition of f and the call to
slice f with_ y fixed?

[ >

Exercise: Come up with better namesforslice f with_ y fixed and
slice f _with_ x fixed.

[ >

Exercise: DefineaMaple function sl i cer 1 with two inputs, one input a Maple function h of two
variables and the other input a number c, that returns a Maple function that is the slice of the input

function with its second input held fixed at c. Also define sl i cer 2 in an analogous way. Test the
functionssl i cer 1 andsl i cer 2.

[>

[ >

Exercise: Write Maplefunctionsshi ft _verticallyandshift_horizontal |y (youcan
abbreviate these names if you wish) that each take in two inputs, one input is afunction of asingle
variable and the other input is a number, and that each return a function. The procedure

shift _vertical | y producesan output function that isits input function shifted vertically by
the amount of the input number, and shi ft _hori zont al | y produces an output function that is
itsinput function shifted horizontally by the amount of the input number. Apply your proceduresto
some test functions and show that they work by graphing the test functions and their shifted versions
in the same graph.

[ >

Exer cise: Suppose you wanted to write aversion of sl i cer 1 that worked on expressions instead
of Maple functions. That is, suppose you wanted to write aprocedure sl i cer 1 that takes asits
input an expression of two variables and a number, and produces as its output an expression in one
variable that represents the slice function of the function represented by the input expression with
one of the inputs held fixed at the input number. What kind of problems are you going to have with
trying to write thisversion of sl i cer 1? (The problems you will have are in fact one of the major
weaknesses of working with expressions.)

[ >

The idea of afunction that returns a function is very common in mathematics. Sometimes these
kinds of functions are given the special name functionals. One important branch of mathematicsis
called functional analysis. It isthe study of the properties of functionals. In particular, functional
analysistriesto generalize classical analysis, that is calculus with real and vector valued functions,
to function valued functions.

Functions that return functions are also important in computer science. They lead to an important
family of programming languages called functional programming languages. The two most
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common functional programming languages are called Lisp and Scheme. These languages are very
different from more traditional programming languages like C, C++, Java, Fortran and Basic. As
might be expected, functional programming languages have a much more mathematical feel to them
then the more traditional programming languages. Functional programming languages have played
an important role in the devel opment of the field of artificial intelligence.

When we get to the worksheets about Maple programming, we will generalize the idea of afunction
that returns a function to the idea of a procedure that returns a procedure.

[ >

Note: None of the examples in this section will work properly in Maple V Release 4, nor in any
earlier version of Maple. Maple V Release 5 introduced the idea of Iexically scoped variables for
procedures and thisideaisused in all of our examplesin this section. We will define lexically
scoped variables in the worksheet on procedures. In Maple 5 Release 4 you can write functions that
return afunction, but they rarely work the way you would expect them to.

[ >
L[>

=16.13. Onlineinformation for functions and expressions

Unfortunately, thereis not alot of online help for the topics that we have gone over in this
worksheet.

Here are two lists of Maple's built in mathematical functions. These two lists are not identical. Each
list contains functions that are not in the other list.

[> ?inifcn

[ > ?type, mat hf unc

Thereisalso anicelist of references to some books about all of these built in mathematical
functions.

[ > ?funcrefs

Maple functions are defined using the arrow operator. The following help page gives alittle bit of
information about the arrow operator.

[ > ?operators, functi onal

The next page contains afew examples using the arrow operator.

[ > ?operators, exanpl es

We can use expressions to represent mathematical functions and of course expressions are used on
the right hand side of the arrow operator. But expressions are not well documented in Maple's online
help. The following two help pages contain two different lists of the operators that can be used to
form Maple expressions.

[ > ?expression
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[ > ?synt ax

The last page listed the operators in the order of their precedence. Hereisathird list of operators
that can be used to form expressions, again listed in order of precedence.

[ > ?operators, precedence

The following page contains links to other pages about Maple's operators (including more lists of
operators).

[ > ?operators

Converting an expression into a Maple function is done using the unappl y command.
[ > ?unassign

The subs command can be used to evaluate an expression at a point and for composing
mathematical functions represented as expressions.

[ > ?subs

Theuse of eval toevaluate an expression at a point is explained in the following help page. This
useof eval isnew to MapleV Release 5 and it has some advantages over subs.

[ > ?eval

The at sign represents the composition operator for composing Maple functions.
[ > ?atsign

We did afew examples of differentiating expressions and functions. Here are the help pages for both
differentiation commands.

[> 2diff

[> ?D

There are quite afew more examples of using the pi ecewi se command in the next help page.

[ > ?pi ecew se

And there is also an online worksheet with more advanced examples of working with the

pi ecewi se command. (Note: The misspelling in the next command is intentional since the name
of the worksheet is spelled that way.)

[ > ?exanpl es, pi ecw se

If you want to read about lexically scoped variables, they are explained (alittle) in the following two
workshests.

[ > ?exanpl es, | exi cal

[ > ?updat es, R5, hi ghlights

[ >

L[>
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