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3. Solving Equations
=13.1. Introduction

Two of Maple's most useful commands apése , which solves equations symbolically, and

fsolve , which solves equations numerically. The first section of this worksheet gives areavervi

of working with these two commands. The rest of this worksheet goes into the detaitgyahasi

solve command to solve single equations and systems of equations. We introduce Maple's RootOf
expressions, which are used throughout Maple and are often used in the results retswhed by

and we consider thelvalues ~ command for interpreting RootOf expressions. We also consider
what kinds of equationsolve can and cannot solve. Finally, we show how the numerical solving

commandsolve can be used whesolve does not return a result.
[ >

=|3.2. Thebasics of using solve and fsolve

Recall that an equation is a made up of an equal sign with an expression on either side of it. A
equation can either be true, liRe- 2= 4, or false, lik€ + 2= 5. Most of the time, equations

contain one or more unknowns in them, as’it 2 = 4. When an equation contains an unknown,
then we can ask for which values of the unknown is the equation true. For example, the equation

X’ + 2= 4 is true when the unknowris given either the valuéz or—/ 2. The values that make an
equation true are called tbelutions of the equation. Maple has two commands that can be used to
find the solutions to an equatiasylve andfsolve . Thesolve command attempts to solve an
equation symbolically.

[ > solve( x"2+2=4, x);

Thefsolve command attempts to solve an equation numerically.

[ > fsolve( x"2+2=4, X);

The rest of this section is an overview of usinfye andfsolve . The rest of the sections in this
worksheet go into the details of using these two commands.

We use thesolve command by giving it an equation in some unknowns and also one specific

unknown that it should solve the equation for. For example, an equatidndiie® — b has three
unknowns in it. Each of the followingplve commands solves this equation for one of the
unknowns (in terms of the other unknowns).

[




[ > solve( 1=a*x"2-b, a);

[ > solve( 1=a*x"2-b, b);

[ > solve( 1=a*x"2-b, x);

The next two commands check that each solution from the last result really doebes@lgedtion
for x (notice the use of indexed names).

[ > subs(x=%[1], 1=a*x"2-b);

[ > subs( x=%%][2], 1=a*x"2-b);

[ >

Exercise: For each of the following tweolve commands, use ttgeibs command to verify that
the solution really does solve the equation.

[ > solve( 1=a*x"2-b, a);

[ > solve( 1=a*x"2-b, b);

[ >

Exercise: Let us give the equatiah= ax’ - b a name.

[ > eqn := 1=a*x"2-b;

Now reuse theolve command to solve this equation for each unknown, as was done above, but
always refer to the equation by its name. Also, useibe command to verify each solution, but

once again, always refer to the equation by its name.
[ >

If we put a pair of braces around the unknown we wish to solve forsittem returns the solutic
written as an equation.

[ > solve( 1=a*x"2-b, {a} );

[ > solve( 1=a*x"2-b, {b});

[ > solve( 1=a*x"2-b, {x});

The next two commands once again check that each solution from the last resuloesabplve
the equation for. Notice how the form of theubs command changes slightly because of the
braces around in thesolve command (since the result fraulve is already in the form of an
equation, thesubs command does not need its first entry to be an equation).

[ > subs( %][1], 1=a*x"2-b);

[ > subs( %%[2], 1=a*x"2-b);

[ >

Exercise: For the followingsolve command, there is one equal sign in the input to the command
and another equal sign in the result.
> b=a*x"2-1;
> solve( %, {a});
What can you say about each of these two uses of an equal sign. Do both equal signs have the same
meaning?
[ >



Exercise: After we solve an equation like the following one

[ > solve( a=(1+b)/x"2, b);

we can use theubs command to check Maple's solution.

[ > subs( b=-1+a*x"2, a=(1+b)/x"2);

What can you say about each of the two uses of an equal sign in the last command and the third use

of an equal sign in the command's result. Do each of these equal signs have the sam& meaning
[ >

One reason for putting braces around the unknown being solvedgohay is so that we can use
theassign command (covered in the last worksheet) to assign a solution giriviey to the
unknown variable. Here is an example.

[ > solve( x"2-x-2=0, {x});

The next command assigns the first of the two solutioms to

[ > assign( %[1] );

[> X

The next command tries to assign the second of the two solutians to

[ > assign( %%l[2] );

That did not work becausenow has a value, so it is no longer an "unknown", and sastkign
command was trying to execute the assignientl . We need to unassignbefore we can use
assign to givex the second solution from tlselve command.

[ > X=X

[ > assign( %%%[2] );

> X

To avoid problems later on, let us unassigagain.
[ > X=X

[ >

It is not always the case thailve can find symbolic solutions to an equation. The equation
5

X
? = cos(xg) has three (real) roots, bemlve cannot find symbolic expressions for any of them

so it does not return a result.

[ > solve( (x"5)/2-cos(x"9)=0, X );

We can show that the equation has three roots by using a graph.
[ > plot( [(x"5)/2, cos(x"9)], x=-1.2..1.1,-1.1..1.1 );

[ >

Exercise: In the lasplot command, change the comma just after2the a minus sign. What does

this show?
[ >

The last two graphs show one way that we can discover solutions to an equaticGolben



cannot do it for us. But solving equations graphically has the disadvantage of not being very
accurate, plus it is very labor intensive and cannot be done automatically.

5
X
Exercise: The equationz— = cogx’) has a solution near= 1. Use theolot command to zoom in

on this solution as much as you can. Using your zoomed in graphs, what is the limit to the n

decimal places that you can determine for this solution.
[ >

If solve cannot find a symbolic solution to an equation, and if finding a solution graphically is too
time consuming and inaccurate, then what should we do? Maple has another kind of solve «
calledfsolve that finds decimal, rather than symbolic, solutions to equations. The advantage of
fsolve s that it can usually find a decimal approximation to a solution even sdien cannot

find a symbolic solution. The disadvantagdsafive is that decimal solutions are sometimes less
useful, less informative, than symbolic solutions. But in situations vduéve cannot find any
symbolic solutionsfsolve 's decimal solutions are better than nothing.

Thefsolve command will try to return a decimal approximationdoe root of the equation beil
solved. Even if the equation has several rdetdye  will only approximate one root at a time. In
order to find all the solutions of an equation, it is usually necessary tealse several times,
once for each solution. In the following example, we see how tsase  to find several
solutions to an equation.

5
X
We know that the equatiog- = cogx’) has three real roots ardlve cannot find any of them.

Thefsolve command will readily return one of these roots.

[ > fsolve( x"5/2-cos(x"9)=0, x );

Let us check this result.

[ > subs( x=%, x"5/2-cos(x"9)=0 );

[ > simplify( % );

This is close enough = 0 to convince use th&tolve really has found an approximate
solution. But what about the other two solutions? To find them, we need to use an option for
fsolve that allows us to givesolve a hint about where it should look for a solution. But how
do we know wherésolve  should look? We use a graph of the equation (which, you will recall, is
also how we figured out that the equation actually has three solutions).

[ > plot( x"5/2-cos(x"9), x=-2..2, -2..2);

From the graph we see that the two other two solutions are-he@he followingfsolve

command will find one of these two solutions. We dga@ve a hint of where to find a solution
by givingfsolve  arange that we know includes a solution.

[ > fsolve( x"5/2-cos(x"9)=0, X, -2..-1);

Since the range we gaf@lve included two solutions, we really could not predict which one of



themfsolve  would find. To find the other solution, we gif@lve a more specific range to

look in. To find a more specific range, we need to zoom in on our graph near the two solutions.

[ > plot( x"5/2-cos(x"9), x=-1.4..-1,-1..1);

We need to diredsolve  towards the right most of the two solutions (it has already found the left
most one).

[ > fsolve( x"5/2-cos(x"9)=0, x, -1.12..-1.1);

So now we have approximate values for all three (real) solutions of the equation. Tifieeisa
typical of how we usésolve  with an equation. We need an appropriate graph of the equation to
give us an idea of how many solutions there are and about where they are. Then we use this rough
information from the graph to giieolve hints so that it can find each of the solutions.

[ >

Exercise: Part (a): How many solutions does the equatfon7 cos(x*) have? Usésolve  to find
approximations to all of the solutions.

[ >

Part (b): How many solutions does the equatiery cogz) have? Usésolve  to find

approximations to all of the solutions.
[ >

Thesolve andfsolve commands can also be used to solve systems of equatisysiedy of
equationsis made up of two or more equations in one or more unknowns. A solution to a system of
equations finds values for all of the unknowns that simultaneously solve each of the equations.

Here is an example of usisglve to solve a system of two (linear) equations in two unknowns.
[ > solve( { 3*u+5*v=2, 4*u-v=11}, {u,v});

Notice how the equations are put inside of a pair of braces and the variables to solvplémeare
inside of another pair of braces.

Now let us look at a system of two nonlinear equations in two unknowns. Nonlinear systems are
much harder to solve than linear systemssmde often cannot solve them. In that case we need
to usefsolve . Consider the two equations
y=2coq 5x) andxX*+y* =1
The solution of this system is the intersection of a circle with a graph of a cosati®h. Maple
can easily draw a graph of these equations and give us a rough idea of the solutions.
> plots[implicitplot]( {y=2*cos(5*x), x"2+y"2=1}, x=-1..1,
y=-2..2);
Thesolve command cannot solve this system. Balve returns one decimal solution.
[ > fsolve( {y=2*cos(5*x), x"2+y"2=1}, {X,y});
From the graph we know that there are 8 solutions. To find the other solutions, we have to give
fsolve hints about where to look. Since there are two variables to solve for, we can give give
fsolve a hint about the value of either or both of the unknowns. Using the above graph of the

solutions to get the hint, here is how we héadve  find one of the two solutions withbetween



0 and 0.5.

[ > fsolve( {y=2*cos(5*x), x*2+y"2=1}, {x,y}, x=0..0.5);

fsolve found the right most of these two solutions. Here is how we can add a hiny alodiiat
fsolve finds the left most solution withbetween 0 and 0.5.

[ > fsolve( {y=2*cos(5*x), x"2+y"2=1}, {X,y}, x=0..0.5, y=0..1);

Notice that if we just givésolve they hint, it finds a solution that has a negatialue.

[ > fsolve( {y=2*cos(5*x), x"2+y"2=1}, {X,y}, y=0..1);

With appropriate hints, all of the other solutions can be found.

Exercise: Find decimal approximations to all of the solutions of the above system of equations.
[ >

Exercise: Given a numbey, between 0 and 1, draw a graptsof x @anp a parabolp x( With x
T
between 0 and so thatp(x,) = sin(x,) andp(EJ = 1 wherex, solvessin(x) =,.

[ >

Exercise: Given a numbey, between 0 and 1, draw a graptsof x ang a parabolp x( With x

_(2 . J
- OIXsm(x)

X=X

d
between 0 and so thatp(x,) = sin(x,) and(d—X p(x)J wherex, solves
0

sin(x) =Y.
[ >

[ >

=1 3.3. Solving a single polynomial equation

If we asksolve to solve a polynomial equation (in one variable) of degneéh n equal to 1, 2, «

3, thensolve will always producen explicit solutions. Some of the solutions may be complex
numbers. Here are a few simple examples.

[ > solve( x"2+1=0, x);

[ > solve( x"2+x-1=0, {x});

[ > solve( x"3-4*x"2+8*x-8=0, X );

When the degree of the polynomial is 3, héve command can produce some pretty impressive
looking answers.

[ > solve( x*3-x"2-x-1=0, {x} );

If we givesolve a polynomial equation of degraevith 4 < n, thensolve will always producen
solutions, but some of the solutions may not be given explicitly. Instead, some of the solaions m
be represented byrRootOf expression. Here is a degree five example with five "solutions”.

[ > solve( x"5+2*x"-4*x"3-4*x"2-4*x"1-3=0, {x} );

One of the solutions of the equation is given explicitB, and the other four solutions are
expressed by theootOf expressions in the result.FRootOf expression usually (but not always)




means that Maple does not know how to find an explicit symbolic solution for the root (or roots) of
the equation. But RootOf expression can also be used by Maple as an abbreviation for a very
large symbolic solution, as, for example, in the case of the polynafdiad"3-x"2-x-1

[ > solve( x*4-x"3-x"2-x-1=0, {x} );

Whensolve returns &RootOf expression, we can use thievzalues ~ command to find out

more about the solutions represented byRbetOf expression. In the case wherB@otOf

expression solves a polynomial of degree 4athelues ~ command will in fact return symbolic
values for the roots, but as the next command shows, the symbolic result may be so large and
complicated that it is of limited usefulness (and that is why it was reprddgntk 0otOf

expression). Let us apphfivalues to one of the abovieootOf expressions.

[ > allvalues( %l[1] );

As we said, this symbolic result is so complicated that it is almost useleasséNthevalf

command to get a decimal approximation of this solution.

[ > evalf( % );

We can also usevalf to get decimal approximations of all four of the results returned by the last
solve command.

[ > evalf( %%% );

[ >

When aRootOf expression solves a polynomial of degree 5 or more, theziltladuies

command applied to tHeootOf expression may return unevaluated. In this case, Maple cannot
actually return symbolic results and decimal approximations are the only optiensterexample.
[ > solve( x"5-x"4-x"3-x"2-x-1=0, X );

Let us applhallvalues  to one of théRootOf expressions.

[ > allvalues( %l[1] );

We can applevalf to all five of theRootOf expression in just one command.

[ > evalf( %% );

Notice that we have four complex numbers and one real number. What if we would like to convince
ourselves that these really are correct solutions? The next command sulibgtfitessdecimal
results into the original polynomial.

[ > foriin % do subs( x=i, x"5-x"4-x"3-x"2-x-1=0) od;

When we substitute a solution into the original equation, we expect to get the eQualdiut that

is not what we got for any of our five decimal numbers. For the single solution that liaméer,

we get the equatio® 10(_8) =0 when that solution is substituted into the original equation. Does
this mean that we do not have a correct solution? Yes and no. The "solution" in question is
1.965948237. This numerical result is meant to be an approximation of an exact solution, so we
should not expect it to be a correct, exact solution. When this result is substituted artgitizé
equation, we should not expect to get exaety0. But we should expect to "almost” @et 0, and

. . -8) . . -8
that is what we do get, since .6( 18)|s a very small number. The equatlﬁrflo( - 0

approximates the equati@r= 0, so this tells us that 1.965948237 is an approximate solution of the
original equation, not an exact solution. Similarly, the above substitutions tell usetiatit



complex solutions are also correct approximations of exact solutions (why?).
[ >

With a polynomial equatiorsolve (along withallvalues ~ andevalf ) can always return all of

the solutions to the equation, some of the solutions as exact symbolic results and sdatyeagossi
decimal approximations. On the other hand, with a non polynomial equation, there is no guarantee
thatsolve will return all solutions of the equation (for example, there could be an infinite number
of them), or even any solutions. In the next section we look at some examples of the kindssof resul

thatsolve can return for non polynomial equations.
[ >

Exercise: In the previous examples we saw that Maple can represent a number with a RootOf
expression. Maple also allows us to convert any number into a RootOf expression. Hamgpie a
example.

[ > convert( sqrt(2), RootOf );

Part (a): Let us do a slightly more comlicated example. Let us take one of thefrdotsl = 0 and
convert it from a number into a RootOf expression.
[ > solve( x"3-1=0, x);
Let us use the root with a positive imaginary part.
> -1/2+1*sqrt(3)/2;
> convert( %, RootOf );

Notice that, even though this number is a roofof 1 = 0, that is not how Maple converted it int
RootOf expression. What did Maple do to get the last result?

Part (b): Theaallvalues ~ command converts RootOf expressions back into numbers.
[ > convert( sqrt(2), RootOf );
[ > allvalues( % );
Let us check the result eflvalues  with the example from Part (a).
> -1/2+I*sqrt(3)/2:
> convert( %, RootOf);
[ > allvalues( % );
Notice that there is an index option inside of the RootOf expressions. Here is RRed#3t
expression with the index options removed.
[ > -1/2+1/2*RootOf(_Z"2+1)*RootOf(_Z"2-3);
Explain the result from the followingjlvalues command. How many distinct numbers are in
the result?
[ > allvalues( % );
The following RootOf expression has one of the index options put back into it. Explain the result of
the followingallvalues ~ command.
[ > -1/2+1/2*RootOf(_Z"2+1, index=1)*RootOf(_Z"2-3);
[ > allvalues(%);

You may want to look in the RootOf help page for the paragraph that describes "rootselector
-



[ > ?RootOf
[ >

[ >

=13.4. Solving a single nonlinear equation

In the last section we saw that with a polynomial equatiolve  will always give us all the

solutions to the equation. On the other hand, with a non polynomial equation there is no guarantee
thatsolve will return all of the solutions to the equation, or even any solutions. Here are some
examples of the kinds of results tlsatve can return for a non polynomial equation.

5
X
We know from Section 3.2 of this worksheet that the equaéioncos(xg) has three real roots, but

solve cannot find symbolic expressions for any of themswide does not return a result.
[ > solve( (x"5)/2-cos(x"9)=0, X );
[ >

We know that the equati@in(x) = 0 has an infinite number of solutions, but if we solve it with
solve , we only get one solution.

[ > solve( sin(x)=0, x);

[ >

The equatiorsin(x* — 1) = 0 also has an infinite number of solutions, which we can verify by
graphing the functiosin x¢ -1 .)

[ > plot( sin(x"2-1), x=-8..8);

But if we solve the equation wittblve , we get only two solutions, 1 and -1. This is because (
way thatsolve approaches this equation. The equasiofx"2-1)=0 is true ifx"2-1=0
which is solved by either or-1 .

[ > solve( sin(x*2-1)=0, x);

[ >

The equatiorsin(x* + 1) = O also has an infinite number of real solutions, which we can again
using a graph.

[ > plot( sin(x"2+1), x=-8..8);

But if we solve the equation usisglve , we get two imaginary solutions.

[ > solve( sin(x*2+1)=0, x);

[ >

Exercise: Explain whysolve returned two imaginary solutions for the equasmgx® + 1) = 0.
[ >




Similarly, for the two equatiorsin(x* + 1) = 1 andsin(>? + 1) = -1, both of which have an infinite
number of real solutionsplve will return two real solutions and two imaginary solutions,
respectively.

[ > solve( sin(x*2+1)=1, x);

[ > solve( sin(x*2+1)=-1, x);

[ >

Exercise: The numbertto five decimal places is 3.1415. So the two equations
sin(¢ +1+m) =-1
and
sin(x¢ +1+3.1415 =-1
are almost the same equation. Explain why the following command produces two reahsoluti
[ > solve( sin(x"2+1+Pi)=-1, X );
[ > evalf( % );
but the following command produces two imaginary solutions. (In the following com#naats
Is written as41415/10000 in order to prevertolve from returning a decimal answer.)
[ > solve( sin(x"2+41415/10000)=-1, x );
[ > evalf( % );
[ >

Recall that with polynomial equatiorsylve sometimes represents solutions witRa@otOf
expression. We can also g&botOf expressions as a result of solving non polynomial equations.
Here is a simple example.

[ > solve( x=cos(x), X );

As with the case of polynomial equations, we can usalth@ues =~ command to find out what
values are represented by theotOf expression.

[ > allvalues( % );

So we got a decimal approximation to one solution of the equation (and, strangely enough, that
decimal solution is given inside thotOf expression). We can get that same approximate
solution by applyingevalf , instead ofillvalues , to theRootOf expression returned by

solve (or we could applgvalf to the result fronallvalues ).

[ > evalf( %% );

[ > evalf( %% ); # which result does this %% refer to?

The following graph shows us that this is the only real solution to the equation.

[ > plot( [x, cos(xX)], x=-3*Pi/2..3*Pi/2, -2..2 ),

[ >

With non polynomial equations, we can even get results $dne that contain neste@ootOf
expressions. Here is an example.

[ > solve( x*2=cos(x"2), X );

Again we use thellvalues ~ command to find out more about the values that are represented by



theRootOf expression.

[ > allvalues( % );

Notice thatallvalues returned two results. Notice also that each result is partly symbolic (the
square root symbol), partly numeric, and still use®atOf expression. These results from
allvalues  are not so easy to use. What if we just apphif to the originaRootOf
expression returned plve ?

[ > evalf( %% );

We only get one numeric result. If we instead agpigif to the result fromallvalues , then we
get two numeric results.

[ > evalf( %% );

The following graph shows us that these are the only two real solutions to the equatwe so
(with the help ofallvalues  andevalf ) found all of the real solutions.

[ > plot( [x*2, cos(x"2)], x=-3..3, -2..2);

[ >

Let us go back to the nestBadotOf expression returned by teelve command and try to see
exactly how théRootOf expression represents the solutions to the equetiosogx?). Here is
theRootOf expression again.
[ > solve( x*2=cos(x"2), X );
To derive thisRootOf expression, let us start with the equation
X% = cogx%)

and make a substitutiorZ = X% in the equation. So then we have the equation

_Z=coq_2).
Let the expression RootOf(_Z-cos(_Z)) denote a solution of the equatteroy _Z) = 0. Given
the solution RootOf(_Z-cos(_Z)) of the equatiod — coq_Z) = 0, we plug this solution back in f

_Z in the substitutionZ = x* and we get the equation
RootOf_Z - coq_Z)) =X~
Solving this equation fax gives us a solution to our original equation. Let the expression
RootO{ —RootOf_Z - cog_Z)) +X°)
denote a solution to the equatixdin- RootOf _Z — cog_Z)) = 0. Then
RootOf{ —RootOf_Z - cog_Z)) +x*) also represents a solution to our original equation
x* = cogx°). To get the nestedootOf expression returned lsplve |, the only thing left to do is

replace the variabbein our last nested RootOf expression with the variable _Z. We can do this
because changing the name of the variable used in an equation does not affect the solutioh values
the equation. Notice that this means that the variable _Z that appears in the outereRpEsHion

Is not the same variable _Z that appears in the inner RootOf expression (the inner _Z is the

in the equation _Z-cos(_Z)=0, and the outer _Z is the unknown in the equati_(ﬂ‘? =0 wherer is

a solution of the former equation). The fact that there can be two distinct variableall@sth £ in

a nestedRootOf expression is one of the things that can make nésietDf expressions hard to
understand.



[ >

Exercise: Explain how each of the following threelve commands derived i8ootOf
expression.

[ > solve( x-sin(x"2)=0, X );

(Hint: First take the arcsin of both sides of the equatiersin(x*), and then lex = sin(_Z).)
[ > solve( x-sin(x"2)=1, x);

(Hint: First make a substitutiam=x — 1. Later, letu=sin(_Z).)

[ > solve( x*2-sin(x"2)=1, x);

(Hint: Letw = %%.)

[ >

Exercise: First, explain howsolve derived the following nestedootOf expression from the
equatione = sin(>* + 1).

[ > solve( x*2-sin(x*2+1)=0, X );

Now explain how the following nestétbotOf expression can also be derived from the equation
X% =sin(x¢ + 1).

[ > RootOf( -RootOf(_Z-sin(_Z)-1)+1+_Z"2);

To prove that the last two nestedotOf expressions both represent the same solutions to the
equation, let us evaluate both of them usitigalues

[ > solnl := solve( x"2-sin(x"2+1)=0, X );

> soln2 := RootOf( -RootOf(_Z-sin(_Z)-1)+1+_Z"2);

> allvalues( solnl);

> allvalues( soln2);

> evalf( %% );

| > evalf( %% );

The following graph shows that these are in fact the only two real solutions to therquati

[ > plot( [x"2, sin(x"2+1)], x=-3..3, -1..2);

[ >

Exercise: Each of the following four RootOf expressions represents solutions to the equation
X - sin(x*) = 1.

[ > RootOf(RootOf(u-sin(u)*2-2*sin(u)-1)-u”4);

[ > RootOf(sin(RootOf(_Z-sin(_Z)"2-2*sin(_Z)-1))+1-u"2);

[ > RootOf(RootOf(sqrt(u)-sin(u)-1)-u™4);

[ > RootOf(RootOf(u-sin(u”2)-1)-u”2);

Part (a): Two of the above RootOf expressions were derived by making the substitetidrin
the original equation. The other two RootOf expressions were derived by making theitsoistit

u=x". Show how these substitutions can be used to derive these RootOf expressions.
Part (b): Two of the above RootOf expressions have a small advantage over the other two. What is

the advantage?
I



[ >

Exercise: One of the amazing things that Maple can do is algebraReithOf expressions. Here
is an example (fromA Guide to Maple, by E. Kamerich, page 174).

[ > r:=solve( x"\5-t*x"2+p=0, X );

[ > simplify( r\7);

[ > simplify( '8 );

Explain why these results are correct. (Hint: Derive the first result thenequation in theolve
command. Derive the second result from the first one.) Also, explain why the followirgise
correct.

[ > simplify( r"11);

[ >

The last several examples have shown what kind of results we can get framvéhecommand

with non polynomial equations. In summary, we can get no solution, a list of solutions that may or
may not be complete, or we can getotOf expressions that, when evaluated usiligplues

andevalf , give us a list of decimal approximations of solutions (which may or may not be a
complete list of all the solutions). And the solutions that we get can be either ceatlex

numbers.
[ >

[ >

=1 3.5. Solving a system of equations

We can use theolve command to solve systems of equations, that is, two or more equations that
we want solved simultaneously. When we work with systems of equations we put the eqoations t
be solved inside of a pair of braces and we put the variables to be solved for inside another pair of
braces. Here is an example with two (nonlinear) equations in two unknowns.
[ > solve( {x"2-y"2-y=0, x+y"2=0}, {X, v} );
As with solving a single equation, sometimes we get the answer given imptidegiyns of RootOf
expressions. As before, we can usedielues  command to find out more about the solutions
represented by the RootOf expressions. Sometihegues  will return symbolic solutions and
sometimes it will return decimal approximations. In the case of the laspéxativalues
returns a list of very complicated symbolic solutions.
[ > allvalues( %[2] );
We can get decimal approximations of these solutions by asaif .
[ > evalf( % );
Notice that the RootOf expressions represented three solutions, one real solution o vex
solutions (look carefully at the result fraativalues  and verify this). The following two
commands check that these really are solutions.

> seq( subs(%%li], {x"2-y"2-y=0, x+y~2=0}), i=1..3):

> simplify( [%] );




[ >

Here is an interesting result whexglve mixes a partly symbolic solution with a RootOf
expression.

[ > solve( {x"2+y"2=9, x"y=2}, {X,y});

And allvalues mixes numeric values with symbolic results.

[ > allvalues( % );

Let us check that this is a valid solution.

[ > subs( %, {x"2+y"2=9, x"y=2});

[ > evalf( % );

[ >

Exercise: How many real solutions does the system of equatons” = 9 andx’ = 2 have? (Hint:
Graph the equations.)

[ >

[ >

Here is another example. Let us find the intersection of a circle and a parabolgstéheaf

equations¢ +y? = 1 andy = x* obviously has exactly two real solutions (draw a graph), and th
not very hard to find using paper and pencil. Are there any other solutions? Here is a népto fi
using Maple.

[ > equations = {x"2+y"2=1, y-x"2=0};

[ > solve( equations, {x,y} );

[ > solutions := allvalues( % );

We have four solutions, two of them real and two complex. Here is an easy way to see this.
[ > evalf( solutions );

The next two commands checks all four of the solutions and show that they are correct.

[ > seq( subs( solutions]i], equations ), i=1..4);

[ > simplify( [%] );

It is interesting to note that earlier versions of Maple returned incorreceengw this simple
problem. If you have access to a copy of Maple V Release 5, try this problem with it avithsee
you get.

[ >

Exercise: Part (a): Solve the system of equatighs y* = 1 andy — x* = 0 using paper and pencil.
Pay close attention to your steps. Notice that there are two approaches to solviogldme;mither
substitute for the® term in the equatiox” +y* = 1 or substitute for thg’ term.

[ >

Part (b): Show how the nested RootOf expressions returnea\®y can be derived from the
system of equations. Which of the two approaches mentioned in Part (a) slidvthe command

use?
[ >



Part (c): Write a RootOf expression that represents solutions of the s&stgﬁt 1 andy - X =0
but is different than the RootOf expression returneddbye . (Hint: Use the approach mentioned
in Part (a) that is not used bylve .) Useallvalues  to check that your RootOf expression
represents the same four solutions found above.

[ >

Part (d): Use the next command to read about the keywlermshdent andindependent in

the online documentation failvalues

[ > 7?allvalues

Try using thendependent  keyword when applyingllvalues  to your RootOf expressions
from Part (c). Are the "solutions" returned dijvalues in this case really solutions? Exactly

how didallvalues arrive at them?
[ >

Exercise: Usesolve to try and solve the equatiah= cogx’). Convert that equation to the
equivalent system of equatiops x* andy = cogx’) and usesolve to try solving this system.

9
Then convert the equation to the systemx’ andy = cos(«/? ) and try to useolve to solve this
system. Ifsolve returns a solution for any one of the systems, test the solution in each of the other

systems.
[ >

[ >

=13.6. Using fsolve

We have seen that tselve command does not always produce all of the solutions of an equation
or system of equations. When that happens, and we need to know the value of some solution that
solve did not find, then we need to use thelve command. Thésolve command is used to

find decimal approximations of solutions to equations.

For a single polynomial equatioisplve  will return decimal approximations for all of the real
roots of the equation. Here is an example.

[ > fsolve( 1-x-2*x"3-x"=0, X );

To get decimal approximations for the complex roots of the polynomial equation we neeth® use
keywordcomplex .

[ > fsolve( 1-x-2*x"3-x"4=0, x, complex );

As with thesolve command, if we put braces around the unknown that we are solving for, then
fsolve returns the results as equations (which can make the results a bit easier to read)

[ > fsolve( 1-x-2*x"3-x"4=0, {x}, complex );

For a single polynomial equation, usiisglve  does not provide us with anything that we could
not get usingolve together withallvalues andevalf . The real use fdisolve is with non
polynomial equations and with systems of equations.




For a single, non polynomial equatidsglve  will try to return a decimal approximation for one

real root of the equation. Even if the equation should have several reafsoots, only tries to
5

X
approximate one of the roots. We showed earlier that the equ—zat'ronos(xg) has three real roots

andsolve can not find any of them. Thisolve command will readily return one of the real
roots.

[ > fsolve( x"5/2-cos(x"9)=0, x);

To find the other two real roots, we use the optioridoive  that allows us to give a hint about
where it should look for a solution. We giflve  a hint by givingfsolve  a range that we
know contains a solution.

[ > fsolve( x"5/2-cos(x"9)=0, X, -2..-1);

The range that we just gafeolve actually included two solutions. To find the third solution, we
need to givésolve a more specific range to look in.

[ > fsolve( x"5/2-cos(x"9)=0, x, -1.12..-1.1);

Recall that we can get the ranges that we givedioe from appropriate graphs of the equation

we are trying to solve.
[ >

There is another way to giveolve a hint about where to find a solution. Instead of giving

fsolve arange within which to search for the unknown, we canfgilge a "starting value"

for the unknown in the equation.

[ > fsolve( x"5/2-cos(x"9)=0, x=-1);

[ > fsolve( x"5/2-cos(x"9)=0, x=-1.1);

[ > fsolve( x"5/2-cos(x"9)=0, x=-1.2);

This way of giving a hint tésolve is not as good as the previous way. For a given starting value,
it is often difficult to predict which of the equation’s solutiésdve  will find. It is not

uncommon forfsolve  to find a solution that is far away from a starting value even when there is
another solution very near to the starting value. For an example of the unpredictahility ef

when using a starting value, look at the first of the last three commands. Out of thredhreets

of the equationisolve  found the one that is furthest from the starting value.

[ >

What about complex solutions for the equation? Tdsggte to look for a complex solution we
need to use the keywoocdmplex . But the keyworadcomplex , by itself, need not lead to a
complex solution.

[ > fsolve( x"5/2-cos(x"9)=0, x, complex );

Notice that the last result is one of the real solutions that we have already foundchdrtthe
command we givésolve a complex starting value along with the keywoodhplex , and then it
finds a complex solution.

[ > fsolve( x"5/2-cos(x"9)=0, x=1+I, complex );

A different complex starting value leads to a different complex solution.



[ > fsolve( x"5/2-cos(x"9)=0, x=2+I, complex );

We showed above th&tolve can be a bit unpredictable when we use starting values. To ge
control overfsolve  we can use a range with themplex option. Two complex numbers in a
range are interpreted as the lower left hand corner and the upper right hand corneiaafjkerec
the complex plane. For example, the rahge.3+2* describes a rectangle in the complex
plane that is two units long horizontally, one unit high vertically, and has its loweatettcorner
at the pointl+| .

[ > fsolve( x"5/2-cos(x"9)=0, x=1+I..3+2*], complex );

Be sure to convince yourself that this solution lies in the rectangle we jusbeéescri

[ >

Exercise: What happens if you giieolve a complex starting value but not the keyword
complex ?
[ >

Exercise: Part (a): How many real solutions does the equafieri7 cos(x?) have? Usésolve  to
find approximations to all of these solutions. How many solutions stdes , along with
allvalues andevalf , find?

[ >

Part (b): Can you find any complex solutions to the equation in part (a)? (Hint: Try nffengrdi
complex starting values.)

[ >

Part (c): How many real solutions does the equaii coqz) have? Usésolve to find
approximations to all of the solutions. How many solutions dok& along withallvalues
find?

[ >

Part (d): How are the solutions from part (c) related to the solutions from paatsd(éb)?

[ >

Part (e): Can you find any complex solutions to the equation in part (c)?

[ >

Part (f): How are the solutions from part (e) related to the solutions from pgart (b)

[ >

It is interesting to see what happens when wefgiviee a bad hint. In each of the following two
commands, there is no solution of the equation within the range giv&nite . In the first
examplefsolve does not return any value.

[ > fsolve( 1-x-2*x"3-x"4=0, X, -2..0);

But notice whatsolve does in the next example.

[ > fsolve( x*3-cos(3*x"2)=0, X, -2..-1);

In this examplefsolve  returned unevaluated. | am not sure why, when there is no solution within
the given rangdsolve  sometimes does not return a value and sometimes returns unevaluated.
(The difference might be that wh&volve does not return a result, then Maple knows that the



no solution in the given range, but whenlve returns unevaluated, it means that Maple could

not find a solution but it does not know how to prove that no solution exits.)
[ >

[ >

=13.7. Using fsolve  with a system of equations

We can usésolve to find numerical solutions for systems of equations. For example. the system

of equationsé + y? = 9 andx’ = 2 has three real solutions, as the following graph shows.
{ > plots[implicitplot]( {x"2+y"2=9, x"y=2}, x=-4..4, y=-4..4,
scaling=constrained );
But thesolve command can only find one of the solutions.
[ > solve( {x"2+y"2=9, x"y=2}, {X,y});
[ > allvalues( % );
[ > evalf(%);
To find approximations for the other two solutions, we need to udedhe command.
[ > fsolve( {x"2+y"2=9, x"y=2}, {X,y});
Without any hints, thésolve command found the same solution thaltve andallvalues
found. When solving a system of equations, we canfgidee hints about either or both of the
unknowns that we are solving for. The next command da@sge a hint about the value of the
solution that we wish to find.
[ > fsolve( {x"2+y"2=9, x"y=2}, {X,y}, x=0..2);
Within that range fok there are two solutions of the system &wdve found one of them. If we
want to find the other, we can also gfgelve a range foy.
[ > fsolve( {x"2+y"2=9, x"y=2}, {X,y}, x=0..2, y=2..4);
Or, we could just givésolve  a range only foy.
[ > fsolve( {x"2+y"2=9, x"y=2}, {X,y}, y=2..4);
[ > fsolve( {x"2+y"2=9, x*y=2}, {X,y}, y=-4..-2);
As with single equations, we can gifg®lve hints by using starting values instead of ranges.
[ > fsolve( {x"2+y"2=9, x"y=2}, {x=1,y=-3});
We can try to find a complex solution to the system by using the keywandlex and giving
fsolve complex starting values.
[ > fsolve( {x"2+y"2=9, x"y=2}, {x=I,y=I}, complex );
Let us check this last solution.
[ > subs( %, {x"2+y"2=9, x"y=2});
Does that seem reasonable?

Exercise: Find another complex solution for the system of equatidrs/? = 9 andx’ = 2. Be sure

to check any solution that you find.
[ >




Exercise: Usefsolve to solve the equatiox? =7 cos(><2). Convert that equation to the equivalent
system of equations= x* andy = 7 cogx*) and usdsolve  to solve this system. Then convert

equation to the equivalent systgm X andy =7 coqy) and usésolve to solve this system.
[ >

[ >

=13.8. Solving inequalities

Solving inequalities is not as common with Maple as solving equations, but it is intptestee
that thesolve command can be used to solve many inequalities and it is also interesting to see in
what form Maple returns the results of these kinds of problems.

The solution of the following inequality is an open interval. Notice how Maple denotes an open
interval in the real line.

[ > solve( x"2-2*x-15<0, x );

The solution of the following inequality is a closed interval.

[ > solve( x"2-2*x-15<=0, x );

The next solution is the complement of the previous one. Notice that this solution is madeap of tw
infinite, open intervals.

[ > solve( x"2-2*x-15>0, X );

Here are the last three inequalities again, but using a different notation festlts (because of tl
braces aroung).

[ > solve( x"2-2*x-15<0, {x} );

[ > solve( x"2-2*x-15<=0, {x});

[ > solve( x"2-2*x-15>0, {x} );

Here is a slightly more complicated inequality.

[ > exp(-x"2)>1/sqrt(2);

[ > solve( %, x);

Here is the same result in the other notation.

[ > solve( %%, {x});

Here is a simple inequality. Notice that the form of the result is not reallystemswith the form ¢
the previous results (why not?).

[ > solve( exp(x)>0, x);

[ > solve( exp(x)>0, {x});

Even some very simple inequalities cannot be solvexblye .

[ > solve( sin(x)>0, x);

[ >

[ >

3.9. Online help for solving equations




The following command calls up the help pagesiaie .

[ > ?solve

The following help pages provide more details about hovedhee command works. Each page
discusses a special case of whatsthige command can do.

[ > ?solve,scalar

[ > ?solve,system

[ > 7?solve,linear

[ > 7?solve,radical

[ > ?solve,float

[ > ?solve,ineq

The following command brings up a worksheet, from the New User's Tour, called "Adgebra
Computations”. Notice that this worksheet has a section called "Solving EquationstermdsSyf
Equations" and another section called "Solving Inequalities".

[ > ?newuser,topic04

The next command brings up one of the "Examples Worksheets" called "Solving Equations”.
[ > ?examples,solve

It is common forsolve to return éRootOf expression. Here are two help pages that provide
information about these expressions.

[ > ?RootOf

[ > ?RootOf,indexed

Theallvalues =~ command is used to find out more information about the values represented by a
RootOf expression.

[ > ?allvalues

Whensolve cannot find a symbolic solution for an equation, we need to usede

command.
[ > ?fsolve

Thesolvefor command is closely related $olve .
[ > ?solvefor

Theeliminate  command also, in a sense, allows one to "solve" a set of equations.
[ > ?eliminate

The following two commands are special kindsaofrfe commands. Thesolve commands
solves equations for integer solutions. Tikelve command solves equations for integers
solutions mod m.

[ > ?isolve

[ > ?msolve
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